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Chapter 13 Scalar Products and Vector Products 
Supplementary Notes 

Name: ________________________________ (   )        Class: F.5 _____ 
13.1 Scalar Products 
A. Definition of Scalar Product 
In this section, we are going to introduce another operation of vectors called the scalar product, which 
is related to a kind of multiplication operation of two vectors. 
 
  is the angle between two non-zero vectors a and b when the  
initial points of two vectors coincide, where 0 180   . 
 
 
 

Definition of Scalar Product: 
If a and b are non-zero vectors, then  

cos =a b a b  

If a or b is a zero vector, then 0 =a b . 
 
Remarks: 
1. The scalar product is also called the dot product and a b  is read as ‘a dot b’. 

2. Since a   and b   are the magnitudes of vectors a and b respectively, a b   is a scalar (a 

number), not a vector. 
3. a b  cannot be written as ab  or a b . 
 
Example 
1. Find a b  in the following. 
 (a)          (b)  
 
 
 
 
 
 
 
 

 

 

 

 a  b 

 2  3 
 60  a 

 b 

 2  3 
 60 

A

a .T
(120 :

5 = 2 - 3 : Gs60
:

= 2 : 3 : Cos/20
:

2

= 3 =
- 3

V
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2. (a) Find the value of a b  if ⊥a b . 

 (b) Express a a  in terms of a . 

 
 
 
 
 
 
 
 
B. Properties of Scalar Product 
 
For any vectors a, b, c and scalar  , 

(a) 2 0 = a a a   (***Commonly used to find the magnitude of a ) 

(b)  = a b b a  

(c) 0 =a a  if and only if =a 0  

(d) ( ) ( ) ( )   =  =a b a b a b  

(e) ( ) + =  + a b c a b a c  

(f)  a b a b  

(g) 2 2 2 2( )− = + − a b a b a b  

 
 
 
 
 
 
 
 
 
 
 
 

A 0 = 90 M

0 = 0:
T

T >T
19)E abs -

- It . 151 · cos90
:

O

= 1) · Int - coso
:

- I

= O = 12

(g) I
- 512

= (a - 5) · (a - 5)

= - -5 - 5- + 5 . T

= lat + It - z(-5)
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Example 

3. It is given that 2 3=a , 6=b   and the angle between a and b is 30 . Find the value of the 

following. 
 (a) a b     

(b) ( 2 ) −a a b  

(c) 22+a b  

 
 
 
 
 
 
 
 
 
 

4. It is given that 2 2=a , 4=b  and the angle between a and b is 45 . Find the value of the 

following. 
 (a) a b     

(b) ( 2 ) +a b a  

(c) 2−a b  

 
 
 
 
 
 
 
 
 
 
 
 
 

(9) . J = 11 . 151. cosso ·

= 253 . 6.
= 18

(b) : 1 - 25)
(2) / + 25/

= - 2 .J
= (2+ 25)· (2 + 25)

= 1) - 2 . 18 = 5.5 + 45 + 45T

= 12-36 = Ik+ 4 . 18 + 415/2

=

- 24
= 12 + 72 + 144
= 228

(a) :J

= Il - 151 . Cos X5

= 252 . 4 . I
= 8

(b) (5 + 2)
(2) I-5/

=5 + 2-
= ( -5) . /E - 5)

= 0 + 2/)
= a- - 25-5 + 5 T

= 8 + 16
= 1) - 2 . 8 + 151

= 24
= 8 - 16 + 16

= 8
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5. It is given that u and v are unit vectors and angle between the vectors is 60 . 
(a) Find u v . 

 (b) Find ( 2 ) (4 )−  +u v u v . 

 (c) Find 2 +u v . 

 
 
 
 
 
 
 
 
 
 
C. Applications of Scalar Products 
I. Angle between Vectors 
Consider two non-zero vectors a and b. Let   be the angle between a and b. 

cos =a b a b , we have cos 
=

a b
a b

 

 
Example 

6. a and b are two vectors such that 1=a , 2=b  and 1 = −a b .  

 (a) Find 3+a b . 

 (b) Find the angle between b and 3+a b . 
(Give your answers correct to the nearest 0.1 ) 

 
 
 
 
 
 
 
 
 

(n) = 1) = 1

A -> Find /2n +K
,
take +5

(a) i . (b) (n -2)(45+5)

=(5) . 181 · Costo: - 4t- Fu.Y-2lrt

= 1 . 1 . E
=-

= E
2 / +F = (25 +5) . (2 ++)

= 41+ 45 + 15)
= 7

: (2n+ 1 = 5

(a) /5 + 3512 (b) 5 . ( + 35) = 2 .5+ 3151

= (c+ 35) · ( + 35)
= 11

= ll + 655 + 915P required angle = cost (2"Js
= 1 - 1 + 36

= 8 .90
= 31

1 a + 351 = 53
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7. a and b are two vectors such that 5=a , 4=b  and 3 =a b . Find the angles between  

 (a) a and b; 
 (b) 5a and −a b . 

(Give your answers correct to the nearest 0.1 ) 
 
 
 
 
 
 
 
 
 
 
 
II. Orthogonality 

If the angle between two non-zero vectors a and b is 90 , then the two vectors are perpendicular to 

each other (i.e. ⊥a b ) and they are called ____________________ vectors.  

For non-zero vectors a and b, 0 =a b  if and only if ⊥a b . 
 
Example 

8. It is given that a and b are two vectors, where 2=a , 3=b  and the angle between a and b is 

60 . 
(a) Find a b . 

 (b) If = −u b a  and 6= +v a b , show that u and v are orthogonal. 
 
 
 
 
 
 
 
 
 
 

(a) required angle 15-51 = (a - 5) · (a
- b)

= Cs-Te = I)- 25 -5+ 1512
(15) = 35

(b) 55 · (5 - 5)
15 - 51 = 535

= 5/2) - 52.% required angle = cost" x 555
= 110

= 41 .9

orthogonal

las a :J (b) 5. Y

- 11. 151. Gs60 = (5-5) . (62 +5)

= Ja + IR-6at-at
= 2 . 3 - E

= 5 . 3 + 9 - 6 . 4
= 3

= 0
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9. 3= −u a b and 2 4= +v a b  are orthogonal vectors, where 2 6=a  and 6=b . 

 Prove that a and b are orthogonal vectors. 
 
 
 
 
 
 
 
 
 
 
 
 
C. Scalar Product of Vectors in a Rectangular Coordinate System 

Properties 
(a) 1 =  =  =i i j j k k  

(b) 0 =  =  =i j j k k i  

Let 1 1 1x y z= + +a i j k , 2 2 2x y z= + +b i j k  and   is the angle between a and b, where 

0 180    , then  

1 2 1 2 1 2x x y y z z = + +a b  

Note that if 1 1 1x y z= + +a i j k , then 2 2 2
1 1 1x y z= + +a . 

 
Example 
10. Let a = 3 2− +i j k  and 2 2= + +b i j k . 
 (a) Find a b . 
 (b) Find the angle between a and b. (Give your answers correct to 0.1  ) 
 
 
 
 
 
 
 
 

n -T = 0

(35 - 5) · (2+ 45) = 0

Glat+ 125 .5 - 255-415 = 0

102 5 + 6 . 24 - 4 . 36 = 0

-5 = 0

-

1 : 1 = 151 = 1x = 1
x5

↑ J . To -> orthogonal unit restors i 37

(a) ab = 3 + +12 + 2 . 2 (b) lat = (32+ -3+ 22 = J4

= J 151 = (1+ 2+ 22 = 3

required angle = cost4
= 63 -)

-
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Check your concept 

Question 1 

Let 3 2= +u i j and 9= −v i j. Find u v . 

Question 2 

Let 3 2= +u a b  and 9= −v a b , where 2=a , 

5=b  and 3 =a b . Find u v . 

 
 
 
 
 
 
 
 

 
 
Example 
11. Let 2= −a i j , 3 k= +b i j  and 3= − −c i j. 
 (a) Find the value of k when ⊥a b . 

(b) Find the value of b c  . eence find the angle between the vectors b and c correct to 3 
significant figures.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

-

= 3 . 1 + 2 - (-9) T
=

- 15 = (35 + 25) · (2 - 95)

= 31a* - 2555-181512
= 3 . 4- 25 . 3- 18 . 2

= - 513

(a) 5 .5 = 0
(b) 5 = 3i+ 5

2- 3 + (1) .k = 0 5T = 3 (1) + (73)
= -2)

k = 6 151 = (32+ 5 = 545

11 = J71"+ 32 = To

required angle

= cost(j)
= 1720
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12. a and b are two vectors such that the angle between a and b is 
6
 . It is given that b is a unit 

vector and 3=ba . 
 (a) Find the magnitude of a. 
 (b) Find the magnitude of ba+2 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
13. It is given that 4 || =a , 3 || =b  and the angle between a and b is 60. Find the value of k if ba 2−  

and ba 3+k  are orthogonal. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) /25 + 5/2

(a) 25 = 3
= (2 +5)(2 + 5)

1) . 151. Cos = 3 = 41+ 455 + 151

11 . 1 . 5 = 3
= 4 . 12+ 4 . 3 + 1

(2) = 2.
= 61

-: (+ 5) = 5
= 253

-b = 151 · 15t . cos 60 = 4 . 3. = 6

( - 25)· (k+ 35) = 0

kat + 35.5-2k5--I5F = 0

16k + 18 - 12k -54 = 0

k = 9
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14. In the figure, OA = 2, OB = 5 and T is a point on AB such that rTBAT :1: = , = 120AOB . 
 (a) Express OT  in terms of a, b and r, where OAa =  and OBb = . 
 (b) Find ba  . eence express OT  in terms of a and b if = 90OTB . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 A 

 T 

 O 
 B 

1) = 2 15) = 5

- T . #B = 0

(a)
-

=

ra + 1 .T
oT

r+ 1 I
I

=+ r

(b) #B = Fo +B 2

= 5 -5
5

5 .T = 151 . 151 · Gs120

= z
-5 . ( - )

=
- 5

-

: oT I AB,T : AB = 0

(+) · (b - 5) = 0

r .5-rak+ 151- 5 :5 = 0

r(5) - r . 4 + 25 + 5 = 0

r=

T= :+
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15. In the figure, jiOA 2−−=  and jiOB −=3 . C is a point on AB such that nCBAC :1: = . 
 (a) Find OC  in terms of n. 
 (b) Find OCOA   and OCOB  . 
  eence find the value of n if OC is the angle bisector of AOB . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 y 

 O  x 

 A 
 C 

 B 

(a) v =
n .A + 1 . %

n + 1

=-
u- 2nj + 3i -5

n+ 1 O

=
1 : n

(b) -=4
B=En
A. = 101 - 10 - -0 I1 = JFz = 55

B . = 1051 - 1) · GsO
lB1 :J = To

=>
o of B.T

Io1
:

1031

-
:
In-1 10-n

5 (n+ 1)
=

Jo(n+ 1)

5 In-T2 = 10 - n

(552+1)n = 10 + j2

10 + 5255-1
n =

C

5 + 1 55 - 1

= 50% - 10 + 10 - 52

49

= 495 =
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16. In the figure, BGN and ONA are straight lines such that BN OA⊥ . It is given that 60AOB =  , 

ON OA=  and : 8:1BG GN = . Let OA = a , OB = b , 2=a  and 3=b . 

 (a) (i) Express BN  in terms of  , a and b. 
  (ii) eence find the value of  . 
 (b) (i) Express OG  in terms of a and b. 
  (ii) Prove that G is the orthocentre of AOB . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

v

F
intersection of I

attitudes
.

(a) (i) o : X => OG 1 AB 8

B = 30 + o : -5 +x
-

&
N

(ii) B . o = 0

(x2-5). = 0

*lat-e -t = 0

* 4- 2-3. Cs60 = 0

4x - 3 = 0

x = 34
(b) (i) of = N + B

-

8x&5 + Y
= +t& 9

(ii) B = (5+t ) · (5-al

= = -5 -5+ /- T5

= 5 . 3 - 5 . 4 + 5 . 9 - 5 - 3
= O

- ot ↓ AB

: G is the orthocentre of A AOB .
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17. In the figure, 4OA = i  and 2 3OB = +i j . M is the mid-point of OA and N lies on AB such that 

: :1BN NA k= , where k > 0. BM intersects ON at P. 
 (a) Express ON  in terms of k. 
 (b) If A, N, P and M are concyclic, find the value of k. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

k
:

(a) ov =

K : A+B
v

/
k + 1

= 4ki + 25 + 35 7

k+ 1

-

= 4+
(b) T = 2

BM = 30 + ·My = -2 - 35 + 2 = -3)
o RM = 45 · (-35) = 0
BM 1 oA

: A , N , P . M are concyclic , oN LAB.
-

AB = A+ ·B = -25 + 35
o #B = 0

-2(4k+2)+ 3- 3 = 0

- 8k - 4 + 9 = 0

k = G



CHAPTER 13   SCALAR PRODUCTS AND VECTOR PRODUCTS SECONDARY 5 
   

Prepared by KC CHU | 13 

D. Projection of Vectors 

In the following figure, P is a point on OB such that AP OB⊥ . Let OA = a , OB = b , OP = p  and 

  be the angle between a and b. p is called the ___________________ of a onto b. 

 
(i) Express p in terms of a and b by using the scalar product. 
 
 
 
 
 
 
 
 
(ii) Find ˆa b  
 
 
 
 
 
 
 
 
 
 
 
Projection of Vectors 

Projection of a non-zero vector a onto another non-zero vector b 2

  =
 
 

a b b
b

. 

Magnitude of the projection of a onto b 


=
a b
b

 

projection
G (180: 0) = - CosP

T
8:0

-
↑ -55

It = 121 .250 .J = 1) . 151 · cost

↑ n
magnitude 151

= 15 160 . = 1

0
, P . B collinear. F = 11 . * & unit restor

in the direction

T = 151 . 5 of5J
=

det product 151 151
= () .

E

y ↑
unit restor

magnitude
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Example 
18. Find the projection of 4 7+i j onto 2 3−i j . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
19. Find the projection of 2 5+i j  onto 3 2−i j . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

projection rector = (4
+75) · (2 - 35))

(2T- 3j)
() 2+ (3)2)"

I

4.2 + 7 . (3)
(25 - 3j)

13

= - (2 - 35/
=- +3

projection vector =
125 +155, (3T -2) (35 - 25)
32 + 22

-6 - 10

13
(35 - 25)

=+
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20. It is given that 2 = − + +u i j k   and 2 2= − +v i j k  . If the projection of u onto v is 

4 4
3 3

 + −i j k , find the values of   and  . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

projection oi into i

=.

12
T

=

-2-24+2
. (T - zj + 2)

12+ 22+ 22

= (F - 25 + 2)

=+

# E M

X = 3 M=
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21. It is given that 2 5= + −a i j k  and 2 2 3= − +b i j k .  
 (a) Find the projection of a onto b. 
 (b) Find the magnitude of the projection of +a b  onto a. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) projection of a outo 5

I

2 .5 T
j

151

--
=
- (2 - 2j+3)
=
-2 + 2) - 3

(b) a +5 = 35 -24

required magnitude

c+5).
I

la)

3 + (2)(-5)

E

↓ k+ 22+52

=
-13530

30
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22. Let 3 3AB = −i j  and 4 5 2AC = − + −i j k . 

 (a) Find the projection of AB  onto AC . 
 (b) Find the distance between B and AC. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

E
B

(a) Let D be the projection of $
on AC .

T

- A
D

S

ED : AB . A

I

3.(4) + (-3) - 5
· (-4 + 55 - 25)

42+57+ 22

= (- 45+ 55 -2)

= EF - 35 + G

B = B+ = -35 + 35 + ET
- 35 + E

= -E+
: required shortest distance

= JtFp + 153
= F
=
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23. Let A(2, –2), B(3, 0) and C(4, –1) be three points on a 2-dimensional coordinate plane. 
(a) Find the projection of AB  onto AC . 
(b) Find the distance between B to AC. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3 - 2

Er o
- (-2)

(a) AB = Fo+B=B- = i +zj
= 2T+F B

Let D be the projection of B
on AC.

7
C

#D = AB - At - A D
· As

IE12
1 : 2+ 2. 1

=

22+p
(2 +j)

= Exi +j)

= E
(b)B =J = J5
I =J =

required shortest distance

= 151 =J=
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24. A(2, 5, –2) and B(2, –1, 1) are two points in a 3-dimensional coordinate system. Let OA = a , 
OB = b  and = +a u v , where u is parallel to b and v is perpendicular to b. 
(a) Find u and v. 

 (b) eence, find the distance between A and OB. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A

- TX
sas a = projection of & out. To a

t
V = -G +

O E
5 >

i =
c -
E B

151
: 15

(27 +5j- 25 . (25-j + 4/
I

·

(2T -j + E)
22+ 1+ 1

=
2-2+ 5(x) - 2 -

1(2-j +T
6

=
--(2 -j + 4)

=- +Ej-
8 = - i + c = T - zy += + 2 +5j - 2

= 37 +E - zπ

(b) required distance : 151

= (3+E

=
: 3
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13.3 Vector Products 

A. Definition of Vector Product 

(a) The vector product of vectors a and b, denoted by a b , is defined as 

ˆ( sin ) =a b a b n , 

where   is the angle between a and b, and 0 180    , 

n̂  is the unit vector perpendicular to both a and b, and its direction is determined by the right-

hand rule. 

 

 

(b) Note that sin =a b a b . 

(c) a b  is a __________________ but not a scalar. 

(d) If a and b is a zero vector, then  =a b 0 . 

(e) For non-zero vectors a and b,  =a b 0  if and only if a is parallel to b. 

 

 

 

 

Fingers are curled in the direction 
from a to b. 

Fingers are curled in the direction 
from b to a. 

result is a vector

K
Cross Product

magnitude

-
L

- unit restor

rector
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Example 
25. In the figure, the solid is formed by joining two unit cubes. Find the following vector products. 

 (a) ________ =a b  

 (b) ________ =a c  

 (c) ________ =b d  

 (d) ________ =b a  
 
 
 
 
 
 

26. In each of the following,   is the angle between a and b. Find a b . 

(a) 1=a , 2=b , 45 =   

 (b) 9=a , 6=b , 30 =   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

J T

-

b

T

C =- =

(2) /x1 = 11151 · Sin 45 = 1 . 2 . E = J

(b) lax51 = 11 . 15) - singi = 9 . 6 - 2 = 27
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B. Properties of Vector Products 

For any vectors a, b and c, we have 
(a)  =a a 0  
(b)  =a 0 0  
(c) ( ) = − b a a b  
(d) ( )+  =  + a b c a c b c  
(e) ( ) + =  + a b c a b a c  
(f) ( ) ( ) ( )   =  = a b a b a b  

(g)  = a b b a  

(h) 2 2 2( ) = − a b a b a b  

 

Example 

27. If 1
2

 =a b , find (2 ) ( 2 )+  −a b a b . 

 
 
 
 
 
 
 

28. It is given that 3=a , 2=b  and the angle between a and b is 45 . 

 (a) Prove that ( ) (3 ) 4( )+  − = a b b a a b . 

 (b) Find ( ) (3 )+  −a b b a . 

 
 
 
 
 
 
 
 
 
 

Note that 
 = a b b a  

but 
( ) = − a b b a  

-

-> connect dot product and cross product

1(25+5)x( - 251/

= (2x - 4(x5)+ Exa - 25X5/

= 1 -5(2x5)/ 1 1 absolute value

= + 5

(d) /4(X51)

= 415) · 151 · sin 45:

(a) (2 +5) x (35 - a)
= 4 - 3 . 2 . I

= 3(X5) - ax + 35x5 - Ex

= 3(x5) + ax5
= 1252

= 4(X5)



15x51

= (1 1151 sing)
= lat : 151 · sin 20

= 11 · 1512. (1-cosO)

= lat" 1512-1115/250
= IR · I5K - (IT)-coso)

"

= It ? 1512- 15 : 5)
2
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C. Vector Product of Vectors in R3 

 By the definition of vector product, we have 
     i i j j k k 0  

 
      ______ i j    ______ i j  

      ______ j k   ______ j k  

      ______ k i   ______ k i  

 
        j i k  

      ______ k j  

      ______ i k  

 

Example 
29. Find the following vector products. 

(a) (2 ) k i j         
 
 
 
 
 
 
 
 

(b) (4 2 ) ( )   i j k i j  
 
 
 
 
 
 
 
 
 
 
 
 

i 

j k 

D +

-

k P

>

T O

2 O

-C -T
-

-

7

= 25 - 1-i)

= +2

↑ jT
= 4k - (k) - 25 -2()

4 - -2

110
= 25 -2j + 5

= -zj + 4t - (
-T - 2)

= 25 - 25 + 5
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In fact, it is more effective to find the vector product a b  using a determinant. 

Given that 1 2 3a a a  a i j k  and 1 2 3b b b  b i j k , 

1 2 3

1 2 3

a a a
b b b

 
i j k

a b  

 
 
Example 
30. It is given that 2 3  a i j k  and 2 2  b i j k .  
 (a) Find a b . 
 (b) Find b a . 
 
 
 
 
 
 
 
 
 
 
31. It is given that 3 a i k  and 2  b i j k . 
 (a) Find a b . 
 (b) Find a b . 
 
 
 
 
 
 
 
 
 
 
 
 
 

* order

(b) 5x
(a) Ext

= JF = iJF
1
- 22

23
-1

23
-1

1
- 22

= -T - j - uk - (3 + 2i+ 45) = 25+ 45 + 37 - 165-5 - 4k
= 45 -55 - 7 =

- 4 + 55 +7

(a)2x5

= -JE
103

11-2

= 35 + T - (35 - 2))
=

- 3 +55
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D. Applications of Vector Products 
I. Vectors Orthogonal to Two Given Vectors 
Example 

32. Let 2 2OA   i j k  and 4 2 3OB    i j k . Denote the plane containing O, A and B by  . 

Find the two unit vectors that perpendicular to  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

33. Let 2 2OP    i j k  and 4 3 3OQ   i j k . Denote the plane containing O, P and Q by  . 

Find the two unit vectors that perpendicular to  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A
-

XOB=F AxoB T

B

-4 23 o
1

↓

=-Gi + 4 + 45- (85 -2 +65)
~ -

= - 4i -2j
- 45 oBXoA

lovo51 = 64722+ 42 = 6 V

required two unitrectors = It (ox)

=-J- *F and+5

·x = Y jk = 65- 45+6 - (35- 6j + 85)
-22 T

= 35 +25 -2
4 -33

10↑X) = /37+ 22+2 : JA

-the two unit rectors are

= (35 + 25-2)

= I T (35 + 25 - 2T)
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34. Let 2OP  i k , 5OQ   i j k  and 2 4OR    i j k . Denote the plane containing P, Q and 

R by  . 

 (a) Find PR QR . 

(b) It is given that OS   i j . Using the result of (a), find the angle between RS and  . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hint of (b) 

1. Find ( )OS PR QR  . 

2. - If the dot product is positive, the included angle ( ) is acute. 

 - The required angle = 90   

3. - If the dot product is negative, the included angle is obtuse. 

 - The required angle = 90    

-

RS

-

a PEX
LTRXOR) · Ens

= IEXacosp
+/-

&
S

Cosy = CPRYRT R gett 0 + 4 = 90.

&

P
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(b) PR =3+ 25 + 3
&R : -27 + 35- Tz

PEX = Tj
-3 23

-3 -

= -zi - bj - 9k - (97 + 3j - 49)
=

- 117-9j -5

(b) Es = -j - u

Let of be the agle between Rs and PRX &&

< PExR) · Es =9(-1) - 574) = 29 ,
20

: P is acute.

cosp =
(PRX@R) . Rs 29

IPXM// Esl
=

(1+1+52 . /1+ 42

=

29

63859

-required angle = 90 -0
= 27 . 8

:
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35. Let 2 2OA   i j k , 3 2OB  j k  and 3OC   i j k . Denote the plane containing A, B and 

C by  . 
(a) Find AC BC . 

(b) It is given that 2 2OD    i j k . Using the result of (a), find the angle between CD and 

 , correct to the nearest 0.1 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hint of (b) 

1. Find ( )CD AC BC  . 

2. - If the dot product is positive, the included angle ( ) is acute. 

 - The required angle = 90   

3. - If the dot product is negative, the included angle is obtuse. 

 - The required angle = 90    

(a) Ec = 25 + 35 - E A

B = 37 -zi +3
#x

#s X 5 > 270
= %

O
= J

B
23 + A

3 - 3

= 95 - 35 - y5
- (2 + Ej +99 D

= Fi - Cj - 13
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(b)p = - ji+
A5x = 75 - 95 - 135

(A xB) - 2 = - 35 - 9 = - 44 , 60

Let of be the angle between it and Ex

↑ is obtuse.

(A XB5).
cost =

IATX B51 · 125
- 44

=

672+ 95132/52412
- x4

=

J. 626

9 = 119 . 9
:

: angle between CD andIt

= ↑ -90
= 29.90
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II. Areas of Parallelograms and Triangles 
Consider the parallelogram formed by a and b in the figure. 
 
 
 
 
 
 
   

 

Area of Parallelogram = a b  

  Area of Triangle = 1
2

a b  

 
 
 
Example 
36. Three points A(–5, 4, 3), B(–5, 5, 4) and C(–1, 9, 6) are given. Find the area of ABC . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

area of 11gram
= It) - h

h = 151 · sing
= It . 151· sing

= /X5) .

11

absolute value

=> positive

lBX

AB = j +E

A5 = 45 + 55 + 3
-

--

i j k : area of AABS

B X # =

10 , = 1 . (z2i+ 42+ 743
453

= 3

= Si+ 45 - 14k +5)

= -2+ 45- 47
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37. Four points P(2, 0, 1), Q(2, 1, 2), R(6, 5, 4) and S(6, 4, 3) are given. 
 (a) Show that PQRS is a parallelogram. 
 (b) Find the area of PQRS. 
 
 
 
 
 
 
 
 
 
 
 
 
Suppose A, B and C are three distinct points in a coordinate system.  
When area of 0ABC  , the three points A, B and C must lie on the same straight line as shown. 

      

   Area of 1 0
2

ABC AB AC       Area of 1 0
2

ABC AB AC     

AB AC  0  if and only if A, B and C are collinear. 
 
Example 
38. Show that A(1, 3, –2), B(3, 5, 0) and C(4, 6, 1) are collinear by using vector product. 
 
 
 
 
 
 
 
 
 

(b) PaxdE
-

sal pa = J+E = Tjk
o = 45+ 45 + 25 O I I

R5 = -Y -E
4 Y2

-

ps = 4+ 4y + 25
= 2 + 4) - 45 - 47

: E = - pu Rs//PQ
= -25 + 45 - 45

ak = PS &RY PS
: area of polRs
= IM x &51 =(721

"

+ 42+ 745 = 6
- pRRs is a 11 gram

#B = 2+zj + z #X At

E = 35 + 35 +3 = +5
222

333

=T

-area of AABC = EIABXAT) = 0

: A , B, c are collinear ·
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39. Let 2OA  j k , 3OB  j k  and 4 2OC  i k , where O is the origin. It is given that Q is the 

foot of perpendicular from C to BA produced. 
 (a) Find the area of ABC . 

 (b) Find CQ . 

 (c) Denote the circumcentre of BCQ  by G. Is QG perpendicular to BC? Explain your answer. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

mid-pt-
Y =

right-angled A E

- , 2 T

↑ RG . B = 0 ?

(a) #B = 25-E ↳ mid-pt of hypotenuse
#c = 45 -5

= T j k

= 11FDoABX
--

- I

g 2 - A

4 - 0 B

->

=-- - 8k (b)/ AB1 = (2+ = J5
=

-T - 45 - 8 55 . Kal
=
E

aver of AABC 2

= [d1+ 42+ 82 = E=
· E

(BE = E = 1 (45- 35 +Y

=2 - Ej +E

11 = (4+ 32+ 12 = Jab

laB1 = JER-11 = (26 - G = E
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:B = I.
=E
- ↳F - E
-

= B + B4

= -E+ 2 - Ej + It

= i + 35 -f

G . 5 = (2+5 - fE) · (45 - 3j+E)

= 2 .4 + 1 .

731 - to -

-↳ to

: Me is not perpendicular to
BC .
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40. The position vectors of A, B, C and V are 3 5  i j k  , 3  i j k  , 11 7 3 i j k   and 
5 7 15 i j k  respectively. Denote the plane which contains A, B and C by  . 

 (a) Find AB AC . 
 (b) Find the distance from V to  . 
 (c) Hence, find the volume of the tetrahedron VABC. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

-

#X As
N

V

↓

projection
->

-

-> O

~

A into ABXAC

---

I
7

A ↑

magnitud :distant
=
E . (ABX)

1 AB X Ex
= height of VABC correspond to A ABS

.
volume of rABS

1 Ev1 . /A X Al . Go
= 5. are of AABCXh

1 AB XAT/

= IA) . so

(a) AB : 45-25- Lik
As = 125 + 45 -et

= 45- 485+ 16
-

ABXA = TjE (-2YE- 167 - 85)
4 -2 -Y

12 Y -z
= 25 - 4og + 47
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(b) # = 67+ 45 +10t

distance fromV to IT

= magnitude of projection rector of
At onto

CABX)

= A -(ABX)
IB XE

=
6 - 20 + 4740) + 40 . 10

(20=+ 402 + 402

=
= 6

(2) distance fromV to It

= height of Tetrahedron
VAB Correspond to base AAB

area of AABC = EIABXA = 30

volume of VABC

= - . 30 .
6

= 60


