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Chapter 9 Applications of Definite Integration 
Supplementary Notes 

Name: ________________________________ (   )        Class: F.5 _____ 

9.1 Areas of Plane Figures 
A. Area between a Curve and the x-axis 
Let f ( )y x=  be a continuous function defined on the interval [a, b]. 

 
If f ( ) 0x    for all x in the interval [a, b], then the area bounded by the curve f ( )y x=  , the 

____________ and the lines ___________ and  ___________ can be found by integrating f ( )x  

with respect to x from a to b, 

i.e. Area A f ( )d
b

a
x x=   

 

 

 

 
If f ( ) 0x    for all x in the interval [a, b], then the area bounded by the curve f ( )y x=  , the 

____________ and the lines ___________ and  ___________ can be found by integrating f ( )x  

with respect to x from a to b, 

i.e. Area A f ( )d
b

a
x x= −  

 

 

 

Example 

1. Find the area of the region bounded by 41 5
4

y x= + , the x-axis and the lines x = –1 and x = 2 as 

shown in the figure. 
 
 
 
 
 
 
 

X-axis X=aX = b

(y = f(x) =

-
- -Jay dy

↑ z

dx
sum- & ~scripts

X-axis X = a X =b

area = fix" + 51 dy

= [x +
+ +x]2

= + 10 - (- - 5)

=
333

20
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2. Find the area of the region bounded by siny x= −  and the x-axis between 
6

x 
=  and x =  

as shown in the figure. 
 

 
 
 
 
 
 
 
 
In general, a curve f ( )y x=  may not lie entirely above or below the x-axis as shown in the 

following figure. 

 
In this case, the total area bounded by the graph of f ( )y x= , the x-axis and the lines x a=  and 

x b=  is given by: 

1 2 f ( )d f ( )d
c b

a c
A A x x x x + = + −     

The area bounded by the graph of f ( )y x=  and the x-axis is given by definite integrals, as 

illustrated in the figure below: 

 
 
 
 
 
 
 
 
 

J sinx dx

: required are

= [GX] = 1 + 5
=

cosT1 - Gs
=- - E
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Example 
3. The figure shows the graph of 

3xy = . Find the sum of the areas of the shaded region 1R  and 

2R  
 
 
 
 
 
 
 
 
 
 
 
4. Find the area of the shaded region in the following figure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 x 

 y 
  

 R1  R2 

 1 
 −1 

Six dx = [& ) ! = 0 X

area = -jx3 dx + 10"x3dx
=

- [* ] + [ * ]
= Y + i
= E

arch

=

I* - *+ +2dx-

( * - * + E + 2dx +

5+ + 2dx

=T + 2x]
-T + 2x]

+[ + 2x]
= - 1- ) + 7

=
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5. The figure shows the graph of )2)(1( −−= xxy . Find the total area of the shaded regions. 
 
 
 
 
 
 
 
 
 
 
 
 
 
6. Consider the curve ( 1)( 3)( 5)y x x x= − − − . 
 (a) Find the x-intercepts of the curve. 

(b) Find the area bounded by the graph ( 1)( 3)( 5)y x x x= − − − , the x-axis and the lines x = 1 
and x = 5. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 x 

 y 

  

area

= J! (x-1)(x-2)dx - S , (x-1(X-xdx

= S
.
'(x= 3x +2)dx - J, (x2 - 3x + 2)dx

= [1-3 + 2x] ! - &
[- +2x] X- intercept.

= 5 - 1 -5) = 1

~ into - - +

(9) 1
,

3
, 5

xY
(b)

put X = 2,

y = (2- 1)(2-3)(2 -5)

Ye= 1 - ( -1) · (-3/

= 3 ,
70

are

= S
,

3(X-1)(X-3)(X -5)dx -

95 (x-1) (x- 3) (X-5)dx

= (! (x - Sx + 13x - 15) - 91x3 - 9x2 + 23x - 15) dx

· [ E - 3x += - 1x) - [ * - 3x + Ex - 15x)5
= 4 - 1-4)

= 8
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7. (a) Find the x-intercept(s) of the curve 4 1xy = − . 
 (b)  Find the area of the region bounded by the curve 4 1xy = − , the line x = 2 and the x-axis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
8. Find the area of the region bounded by the curve 2 4xy = − , the line x = –1 and the x-axis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

& 4
"

= 4* Any S4Y dx = 1 + C

&

cas put y
= 0

, 4*1 = 0

Y
4X = / ↑

X = 0

b) area

= j
.

24"-11dx O
X

·Tey - x]
X = 2

- -2-tp + o

= - z

put yo ,
2

*
-4 = 0

X = -1xY
X= 2

8

1. , (2
*
- 4)dx 2

>
x

= [ - 4x]

= - 4 .2- ( +4)

= nn - 4 : required area = 4- un
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B. Area between a Curve and the y-axis 
Let g( )x y=  be a continuous function defined on the interval [c, d]. 

 

If g( ) 0y    for all y in the interval [c, d], then the area bounded by the curve g( )x y=  , the 

____________ and the lines ____________ and ____________ is given by: 

 

Area g( )d
d

c
A y y=   

 

 
 
 

If g( ) 0y   for all y in the interval [c, d], then the area bounded by the curve g( )x y= , the 

____________ and the lines ____________ and ____________ is given by: 

 

Area g( )d
d

c
A y y= −  

 

 

 

 
 
Example 
8. Find the area of the region bounded by 23x y y= + , the y-axis and the lines y = 0 and y = 4 as 

shown in the figure. 
 
 
 
 
 
 
 
 
 
 
 

x 

y-axis y
= c y

= d

dy

Six dy

x=

g()
nscripts & is

Sum ,
ne a

y-axis you y
= d en by :

a
+

-

↳X

-

area

=J
.

"

By2 + y) dy
= [y+ ]

= 64 + 8

= 72
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9. Find the area of the region bounded by 2 1x
y

= − , the y-axis and the lines y = 2 and y = 5 as 

shown in the figure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

10. Find the area of the region bounded by 2

1 2x
y

= + , the y-axis and the lines y = 2 and y = 4 as 

shown in the figure. 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

are

=
-(( - 1 dy

= - [zlny - y])
=

- (z(n5 - 5 - z(nz + 2)

= - (2(E - 3)

= 3-In

area

= S " (ty + 2) dy
= [ - y- 2y]
=

- Y + 8 + z - 4

=



CHAPTER 9   APPLICATIONS OF DEFINITE INTEGRATION SECONDARY 5 
   

Prepared by KC CHU | 8 

Check Your Concept 
Example 
11. Find the area of the shaded region in each of the following figures. 

(a)          (b)  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

jixdy
change subject

y =

3
J + 2 Sydx

y
- z = 3 (- z when y-1 . 13/ +h

(y - 2) = x-2

+ =

3/2

(y - 2) +2 = X - 1 = X -2

area =
dye dly-u) X = 1

when
y

= 3
, 3 : 352 +2

= S
,

3

[(y -2)"+ 2] dy 1 = 3 J2
1 = X-2

= [(-)" + 2y]"
3 = X

= y + - (y + 2) cree

=( 3 (3 (52 +2)dx
= Y

= [3(x-+x]
=y + 6 - (7 + 2)

= 4
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12. (a) Using integration by part, find ln  dx x . 

 
 
 
 
 
 
 
 
 (b) Find the area of the shaded region in each of the following figures. 
  (i)         (ii)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Sluxdx = xlux-Sx . ]dx

= x(nx - S1dx

= x(nx = x + c

Sxdy Sydx

y = 0
, lux = 0

X = 1

y = lux
y = 4

,
lux = 4

e = X x = eT

arch
aver

= g. e dy = Je luxdx
= [e7]]

= [xlux - x]e
= e"- 1

= e"Ine"-e"- (o - 1)

= Ye" - e* + 1

= 3e" + 1
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In general, a curve 2g ( )x y=  lies on both sides of the y-axis. 

 
Thus, the total area bounded by the graph of 2g ( )x y= , the y-axis and the lines y c=  and y d=  

is given by: 

Area of the shaded region 2 2g ( )d g ( )d
e e

c d
y x y x = + −     

 
Example 

13. Find the area of the shaded region bounded by the curve 2 1
8

y x= + , the y-axis, the x-axis and 

the line 7
2

y = . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

-

> -intercept
t

↳

3

=

area = -1. (y - j)
5
dy

+ Jy(y - 5) dy
-

=

=[3(y-
=
= (o-4) + (2 -0

y -j
= x3

=
(y -5)5 = x
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14. In the figure, find the area of the shaded region bounded by the curve 3 2 4 4x y y y= − − +  and 
the y-axis. 

              
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x 

y 

0 

 put X=o
, y" - y

=
- 47 + 4 = 0

2

y2(y
-1) - 4(y - 1) = 0

I

(y - 1)(y = - 4) = 0

(y - 1(y+2)(y - 2) = 0

-2

y = 1 ,
-2

,
2

are

= Sin(y"- ya - 4y+ 4)dy - J
,

"

(y3-y
=
- 4y + 4) dy

= [f--2+ 4y] -[ - 24]

= --

=
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C. Area between Two Curves 

Suppose f ( )y x=  and g( )y x=  are two continuous functions on the interval [a,b] with 

f ( ) g( ) 0x x  . 

 
Consider the area of the region bounded by the curves and the vertical lines x = a and x = b as follows: 
 

 

Area [f ( ) g( )]d
b

a
x x x= −  

 
 
Similarly, when f ( )y  and g( )y  are continuous functions on the interval [c,d] with f ( ) g( )y y , the 
area of the region bounded by the curves f ( )x y=  and g( )x y=  and the horizontal lines y = c and  
y = d can be found using the following formula: 

 
 
 

Area [f ( ) g( )]d
d

c
y y y= −  

 
 
 
 
 

S" fixdx Jagadx

↓ iF

to it T
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Example 
15. In the figure, find the area of the shaded region bounded by the curves 3 22 2 5y x x x= − + + −  

and 3 22 1y x x= − − . 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
16. In the figure, find the area of the shaded region bounded by the curve 3 2 2x y y y= + − +  and 

the line 2x y= + . 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x 

y 

0 

 

 

2 1 –1 

x 

y 

0 

 

–2 

 

1 

arec

: ( [x
3
-2x- 1 - (- xi+=+ 2x -5)]dx +

S ? [ -x3 + 2x+ 2x -5 - 1x3- 2x
*

-1)]dx

= Se (2x"- 4x2 - 2x+ 4)dx +

S , ( -2x" + 4x2+ 2x-4)dx

= [ * - # -x+ 4x]! + [-E + * + x - 4x]

= - (- 5)
= 37

arla

= S(ys +y
=

-

y
+ z -

y
-z)dy +

STE,/
S

.
' ( - y3- ye + zy)dy

·It - * - y -]] + T -z - 73 + y2]

= - ( - E)

=
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17. Find the area of the region bounded by the curve 2 2 3y x x= − − +  and the line 3y x= + . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
18. Find the area of the region bounded by the curve 3 3 4y x x= − −  and the line 4 0x y− − =  
 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 

Consider - x2- 2x+3 = X + 3 X = -

u = x+ + 3X y = - c- k- 2)-1) +3

0 = x(X+3)
=- + 2 +)

= Y
X = 0 or - 3

y
=
- 1 + 3

arce =S =x 2x+ 3 - (x +31]dx
= 2

= J -3 ( -x - 3x)dx

: [- - 2 jo
: - [-E3]
= E

y = X- Y

consider x3 -

3x - 4 = X-4
X= 1

X = 4X = 0

y = 1- 3 - y = - 6

* (x2 - 4) = 0

X = 0
,

2
,
-2 y = 1 - 4 =

-3

X = - 1
area = f [x"- 3x-y - (x-4)]dx +

ya (1) - 3(-1) - Y

6
.

2 [x - 4 - (x3- 3x -4)]dx =
-2

= J : (x"- 4x(dx + S . (4x - x3)dx y
=- 1 - 4

= -J

· [ -2x]2n + [2x - * J
=- (4 - 8) + (0 - 4)

= 8
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19. (a) Using integration by parts, find dxxe x− . 

 (b) Consider the curve : xC y xe−=  and the line 2: xL y
e

= . 

  (i) Find the x-coordinates of the points of intersection of C and L. 
  (ii) Find the area of the region bounded by C and L. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) Jxe-* dx X= 1
, y = 1 .e= t

= -fxde4

y = ter
=
- xe

-x + Je dy

= -xe
-x

- e
-x

+ C

(b)i) consider xex=
xe

-X
- E = 0

x(ex
- Ez) = 0

X = 0 or 2

iii) are = J :Me - *2) dx
= [-xex- e-

*
-E

==ze-e
=

- ze2-(0-1 -0)

= 1-Je-2

= 1-



CHAPTER 9   APPLICATIONS OF DEFINITE INTEGRATION SECONDARY 5 
   

Prepared by KC CHU | 16 

9.2 Volumes of Solids of Revolution 
A solid generated by revolving a plane region about a straight line (the axis of revolution) is called a 
solid of revolution. 
Example: 

 

 
Revolving a right-angled triangle about one of its 
adjacent sides to the right angle results in a cone. 

 

 
A. Volumes of Solids of Revolution Generated by Revolving about a Coordinate Axis 
Consider the plane region bounded by a curve f ( )y x= , the x-axis and two vertical lines x = a and  
x = b as shown in the figure. Then, we revolve the region about the x-axis through a complete revolution 
to generate a solid. 

 
Suppose the interval [a,b] is divided into n sub-intervals [ 0x , 1x ], [ 1x , 2x ],…,[ 1nx − , nx ] of equal width 

x . Choose a point kc , where 1,2,...,k n= , from each sub-interval [ 1kx − , kx ]. 
Consider the slice with radius f ( )kc  and thickness x . We denote the volume of this slice as kV . 

Then 2[f ( )]k kV c x =  . 

By summing up the volumes of the n slices, we can find the volume of the solid of revolution. 
Hence, 
Volume of the solid is given by: 

V  2
0 1

lim f ( )
n

kx k
c x

 →
=

=   

  2f( )
b

a
x dx=   

  2f ( )
b

a
x dx=   

 
 

horizontal/vertical

disc (cylinder)
↓ volume=Trth

.

ra h
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Theorem 1 Disc Method – Revolution about the x-axis 
For any function f ( )y x=   defined on the interval [a,b], the volume of the solid generated by 
revolving the region bounded by f ( )y x= , the x-axis, the lines x = a and x = b about the x-axis is 
given by  
 

 2f ( ) d
b

a
V x x=    or  2b

a
V y dx=   

 
 
 

 
Example 
20. In the figure, the region bounded by the parabola 2y x= , the x-axis, the lines x = 1 and x = 2 is 

revolved about the x-axis. Find the volume of the solid of revolution. 
 

 
 
 
 
 
 
 
 

21. In the figure, the region bounded by the curve 
1
22y x

−
= , the x-axis, the lines x = 1 and x = 4 is 

revolved about the x-axis. Find the volume of the solid of revolution. 
 

 
 
 
 
 
 
 
 
 
 
 

volume

= J ? Ti . y2dx
= S2T1X"dx

= T . [E5] ,
= 3

volume

= J
,

"
+ y

= dx

= S"TI (2x-E) dx

= 49
,

"X- dx

= 4π[lnx], "
= 4πbny
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Consider the plane region bounded by a curve g( )x y= , the y-axis and two horizontal lines y = c and 

y = d as shown in the figure. Then the region is revolved about the y-axis through a complete revolution 

to generate a solid of revolution. 

 
Suppose the interval [c,d] is divided into n sub-intervals [ 0y , 1y ], [ 1y , 2y ],…,[ 1ny − , ny ] of equal width 

y . Choose a point kt , where 1,2,...,k n= , from each sub-interval [ 1ky − , ky ]. 
Consider the slice with radius g( )kt  and thickness y . We denote the volume of this slice as kV . 
 

Then 2[g( )]k kV t y =  . 

 
Volume of the solid is given by: 

V  2

0 1
lim [g( )]

n

ky k
t y

 →
=

=   

2[g( )] d
d

c
y y=   

 2[ ( )] d
d

c
g y y=   

 
 
Theorem 2 Disc Method – Revolution about the y-axis 
For any function g( )x y=  defined on the interval [c,d], the volume of the 
solid generated by revolving the region bounded by g( )x y= , the y-axis, 
the lines y c=  and y d=  about the y-axis is given by  
 

 2g( ) d
d

c
V y y=    or  2d

d

c
V x y=   

 
 

X
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Example 
22. Referring to the figure, find the volume of the solid generated by revolving the region bounded by 

the curve 3y x= , the y-axis and the line y = 8 about the y-axis. 
 
 
 
 
 
 
 
 
 
23. Find the volume of the solid of revolution generated by revolving the region (as shown) bounded 

by the y-axis, the curve y = 2x2 – 1 and the line y = 1 about the y-axis. 
  
 
 
 
 
 
 
 
 
 
 
24. Find the volume of the solid of revolution generated by revolving the region (as shown) bounded 

by the x-axis, the y-axis, the curve y = ln x and the line y = 1 about the y-axis. 
  

 
 
 
 
 
 
 
 
 
 

x 

y 

y = 2x2 – 1 

0 

y = 1 

y = ln x 

x 

y 

0 

y = 1 

y
= x3 volume = 10 + x2dy

y5 = x =j8 + y5dy X

:[
=

y =2xi- 1 volume:S! dy
= x2 = [E +y]

I

put X = 0
,

= (2 + 1 - z + 1)
y = - 1

= Th - I

y = lux volume : iS
.
"vidy

eY = X
=TJse2 dy I

e2y = x2
= [e !

= (e - 1)
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Hollow Solid of Revolution 
If a plane region bounded by two curves f ( )y x= , g( )y x= , the lines x = a and x = b is revolved 

about the x-axis, a hollow solid is generated. 

 
Obviously, the volume V of the hollow solid is given by: 

V     2 2g( ) d f ( ) d
b b

a a
x x x x = −     ( )2 2g( ) f ( ) d

b

a
x x x= −  

Theorem 3 Disc Method – Hollow Solids about the x-axis 
For the curves f ( )y x=  and g( )y x=  that satisfy 0 f ( ) g( )x x   for a x b  , the volume of a 
solid generated by revolving a region bounded by two curves f ( )y x= , g( )y x= , the lines x = a and 
x = b about the x-axis is given by  

   ( )2 2g( ) f ( ) d
b

a
V x x x= −  

 
 
 
 
Example 
25. Referring to the figure, find the volume of the solid generated by revolving the region bounded 

by the curve 22y x x= −  and the line 
2
xy =  about the x-axis. 

 

 
 
 
 
 
 
 
 
 

 

*

At -M-ist

= + [g(x) - f(x)]2

2x- x2= Az volume Ty
=dx

4x- 2x = x = /zx- x*2 - /]dx
3x-2x2 = 0

* (3-2x) = 0

= i So (4x2- 4x3+ xx- E , dx
X= 0 or 3 =Tjz(X"- 4x3+(x2)dx

=T [ -

xY + Ex3] =
=
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Similarly, if a plane region bounded by two curves f ( )x y=  and g( )x y= , the lines y = c and y = d 

is revolved about the y-axis, a hollow solid is generated. 

 

Theorem 4 Disc Method – Hollow Solids about the y-axis 
For the curves f ( )x y=   and g( )x y=   that satisfy 0 f ( ) g( )y y    or g( ) f ( ) 0y y   for 
c y d  , the volume of a solid generated by revolving a region bounded by two curves f ( )x y= , 

g( )x y= , the lines y = c and y = d about the y-axis is given by  

   ( )2 2g( ) f ( ) d
d

c
V y y y= −  

 
 
 
 
 
 
Example 
26. Find the volume of the solid generated by revolving the shaded region bounded by the curves 

2 1x y+ =  and 21x y= −  about the y-axis. 

 
 
 
 
 
 
 
 
 
 
 

F Igcys - fcys]

x
=

= 1 -yz
volume

= i) [ (r-yz - C-yz"] dy
: +J! (1- ya- 1 + 2yz- y4)dy

= i] = (y = - y4)dy
= [- ! ↑

X = 1- yz
= m (5 - 5 + + - 5) x2= (1- y 22

=
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B. Volume of Solids of Revolution by Revolving about a Line Parallel to a Coordinate Axis 
As shown in the figure, the plane region bounded by the curve f ( )y x= , the lines x = a and x = b is 

revolved about the line y = k (which is parallel to the x-axis) to generate a hollow solid. 

 
 

Theorem 5 Disc Method – Revolution about an Axis Parallel to the x-axis 
For any function f ( )y x=   defined on the interval [a,b], the volume of the solid generated by 

revolving the region bounded by f ( )y x= , the lines y = k, x = a and x = b about the line y = k is given 

by  

2[f ( ) ] d
b

a
V x k x= −   or  2( ) d

b

a
V y k x= −  

 

 

 
 
Theorem 6 Disc Method – Revolution about an Axis Parallel to the y-axis 
For any function g( )x y=   defined on the interval [c,d], the volume of the solid generated by 

revolving the region bounded by g( )x y= , the lines x = h, y = c and y = d about the line x = h is given 

by  

2[g( ) ] d
d

c
V y h y= −   or  2( ) d

d

c
V x h y= −  

 
 
 
 

vertical/horizontal

M

y
- k

V

# S & [fix-k2]dx
it

< >

x-4
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Example 
27. Find the volume of the solid of revolution generated by revolving the region (as shown) bounded 

by the curve y = x  and the lines y = 1 and x = 4 about the line y = 1. 
  

 
 
 
 
 
 
 
 
 
 
 
 
28. Find the volume of the solid of revolution generated by revolving the region (as shown) bounded 

by the line x = –1 and the curve x = cos y for –  x   about the line x = –1. 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x = 4 

x 
0 

y =  

y = 1 

y 

1 

x 
0 

x = cos y 

y 

x = –1 

– 

 

volume : J
.

"T Cy = 133 du

= jYT (5x-1)"dx

: iSY(x- 25x +1)dx

- in [I- + x]Y
= i(8 - 35 + 4 - 1 + 5 - 1)
= 7T
T

volume =[x-13] "dy
= if (Cosy + 12 dy
= TS .I Closing + - Cory + 1) dy
= SI (1 + Gay + ecosy + 1) dy
= i SIn (E + zcosy + Ecoscy) dy
= is [2y + 2sing+ sinzy]

*

It

= [ =T - (-Eπ)]
= 3π
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Hollow Solid of Revolution 
As shown in the figure, the plane region bounded by the curves g( )y x=  and f ( )y x= , the lines  
x = a and x = b is revolved about the line y = k (which is parallel to the x-axis) to generate a hollow 
solid. 

 
 
Volume of the hollow solid  

2 2[g( ) ] d [f ( ) ] d
b b

a a
x k x x k x = − − −   

 2 2[g( ) ] [f ( ) ] d
b

a
x k x k x= − − −  

 
Similarly, if the plane region bounded by the curves g( )x y=  and f ( )x y= , the lines y = c and  
y = d is revolved about the line x = h (which is parallel to the y-axis) to generate a hollow solid, we 
have: 

 
Volume of the hollow solid 

    2 2g( ) f ( ) d
d

c
y h y h y= − − −  

 
 
 
 
 
 
 
 
 
 
 

"g(x =k

f(x-k* v

Fightin
[ 7

glys-h
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29.  
 
 
 
 
 
 
 
 
 
 The figure shows the graphs of 10=+ yx  and 9=xy .  
 (a) Find the volume of the solid formed if the shaded region is revolved about the x-axis. 
 (b) Find the volume of the solid formed when the shaded region is revolved about the line 

1−=y . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 x 

 y 

 O 

  

  

X(10 - x) = 9

10X - x2 = 9

↓
(1 , 91

x=- 10x + 9 = 0

X = 1 or 9
(9, 1)

t

cas volume : it S , [110-X12- (El] dx
=

+J % (100 - 20x+ 12- Ehldy
= T [loox - 10x2++
= i 1900 - 810 + 243 + 9 - 1100 - 10 + 5 + 81)]

=

obs volume = TIS
,
9[(10-X+ 13" - (&+ 1)"]dx

= if ? [121 - 22x+ x= (f+ + 1)]dx

=+99(10 - 22x + x-- )dx

= T [12x - 11x2 + 1 + - 181x] ?
= (E -101n9)
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Summary: Volume of Solids of Revolution 
A. Solid – 1 square [  ]2 

Volume of a solid of revolution about a coordinate axis 
About the x-axis 

 

Volume 2[f ( )] d
b

a
x x=   

About the y-axis 

 

Volume 2[g( )] d
d

c
y y=   

Volume of a solid of revolution about a line parallel to a coordinate axis 

 

Volume 2[f ( ) ] d
b

a
x k x= −  

 

Volume 2[g( ) ] d
d

c
y h y= −  
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B. Hollow Solid – 2 squares [  ]2 – [  ]2 
Volume of a hollow solid of revolution about a coordinate axis 

 

Volume 2 2
1 2{[f ( )] [f ( )] }d

b

a
x x x= −  

 

Volume 2 2
1 2{[g ( )] [g ( )] }d

b

a
y y y= −  

Volume of a hollow solid of revolution about a line parallel to a coodinate axis 
 

 

Volume 2 2
1 2{[f ( ) ] [f ( ) ] }d

b

a
x k x k x= − − −  

 

 

Volume 2 2
1 2[g ( ) ] [g ( ) ] }d

d

c
y h y h y= − − −  
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Application of Definite Integration 
Example 
30. The figure shows a bowl, which is formed by revolving part of the curve 2xy =  about the y-axis. 
 (a) If the bowl holds water of height h units, express the volume of the water in the bowl in 

terms of h. 
 (b) Find the capacity of the bowl. 

(c) Water is poured into the bowl at a rate of 2  cubic units/s, find the rate of change of the 
water level when 8=h . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 x 

 y 

 4  O 

  

d

d = 2T
x= 4

, y
= 4

2
= 16

(a) volume
16

= J .

" ** dy h

= j4ydyn
= [[y2] .

= t πh" = V

(b) capacity : ET . 162 = 128T

(C)
V = Eπh" = required rate of change

= ET .

2 = Th
. =

=d
h= 8

=-
2T = Th - d

=-
4

=


