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Chapter 8 Definite Integration 
Supplementary Notes 

Name: ________________________________ (   )        Class: F.5 _____ 

8.1 Concept of Definite Integration 
A. Definition of Definite Integration 

Aim: To find the area A of the region bounded by f ( )y x , the x-axis, the vertical lines x a  
and x b  , hhere f ( )x   is a non-negative continuous function defined on the interval 

 ,a b . 

 
 
 
 
 
 
 
 
The follohing procedure shohs the process of finding the area A. 

1. Divide the interval  ,a b  into n equal sub-intervals by the points 0x , 1x , 2x ,…, 1nx  , nx , hhere 

 0 1 2 ... na x x x x b      . 

 Hence, he divide the interval  ,a b  into n closed sub-intervals      0 1 1 2 1, , , ,... ,n nx x x x x x . 

 

 

 

 

 

 

 

 

 

2. The hidth of each sub-interval is given by b ax
n


  . 

N
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3. Select an arbitrary point kc  in the kth sub-interval  1,k kx x  and consider the rectangle in the 

interval of height __________. 
 Area of the rectangle in the kth sub-interval f ( )kc x   

 

4. Sum of areas of all the rectangles under the curve f ( )y x  on  ,a b  

 1 2f ( ) f ( ) ... f ( )nc x c x c x        

 
1
f ( )

n

k
k

c x


   

 
5. When the hidth x  of each sub-interval tends to zero, the expression gives the area A of the 

region. 

 i.e. 
0 1

lim f ( )
n

kx k
A c x

 


   

 
This limit is, in fact, the definite integral of f ( )x  from x a  to x b . 
 
Definition of Definite Integral 

For a continuous function f ( )x  defined on the interval  ,a b , the definite integral of f ( )x  from 

x a  to x b  is given by 
 

0 1
f ( )d lim f ( )

nb

ka x k
x x c x

 


  . 

 
 
 
 
Note: 

1. a is the loher limit of integral and b is the upper limit of integral. 

2. x is the variable of integration and the function f ( )x  is the integrand. 

3. The process of finding the definite integral of a function is called definite integration. 
 
 
 

f((k)

n-> c
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Unlike an indefinite integral, a definite integral is a number. It is not a function. 
 
Take the follohing graph f ( )y x  as an example. 

f ( )d
b

a
x x A  

 
 
 

If g( ) 0x   for all x in the interval  ,a b , and thus 

g( )d
b

a
x x B  . 

 
 
 
B. Properties of Definite Integrals 
 
Definition: 

For a continuous function f ( )x  on the interval  ,a b , 

f ( )d f ( )d
b a

a b
x x x x   . 

 
Property 1 

Let f ( )x  and g( )x  be continuous functions on the interval  ,a b  and k be a constant. We have 

the follohing properties of definite integrals. 

(a) f ( )d f ( )d
b b

a a
k x x k x x   

(b) [f ( ) g( )]d f ( )d g( )d
b b b

a a a
x x x x x x x      

(c) f ( )d 0
a

a
x x   

(d) f ( )d f ( )d f ( )d
b c b

a a c
x x x x x x     

(e) f ( )d f ( )d
b b

a a
x x u u   

 

(d)

↑

* area under a point =
~

*
ac bX

X
,
n are dummy variables
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Illustrations of Properties (c) to (e) 
(c)           (d) 
 
 
 
 
 
 
 
 
(e) 
 
 
 
 
 
 
 
 
Example 

1. Given that 
5

10
f ( )d 6x x




   and 

1

5
f ( )d 10x x


 , evaluate the follohing integrals. 

 (a) 
5

5
f ( )dx x



     

 

(b) 
10

5
f ( )dx x



     

 

(c) 
1

10
f ( )dx x

  

 
 
 
 
 
 
 
 

= 8

==[ f(xdx = - ( - 6) = 6

= [ fxdx + j] f(x , dx
=

- 6 + 10

= 4
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C. Fundamental Theorem of Calculus 

Fundamental Theorem of Calculus 

If f ( )x  is a continuous function on the interval  ,a b  and F( )x  is a primitive function of f ( )x  

(i.e. d [ ( )] f ( )
d

F x x
x

 ), then f ( )d F( ) F( )
b

a
x x b a  . 

Note: F( ) F( )b a  usually denoted as [F( )]b
ax  or F( ) b

a
x . 

 
Example 

2. Evaluate 
3

1
 dx x . 

 
 
 
 
3. Evaluate the follohing definite integrals. 

 (a) 
2 4

0
dx x         (b) 

136  
2

4
dx x



  

 
 
 

 
 
 
 

 (c) 
8

4

4 dx
x         (d) 

2

1
d

2

x xe e x


  

 
 
 
 
 
 
 
 

(ixdx = [ * ] = = - = = 4

= [x572 = [2xy
= 2(6- 2)

= E
= 8

= [4lux]Y = [e - e
-

X]Y
= 4 (1n8 - 1n4) : [e- e= (e' - e

+s]
= 4Inz

= (e= - e +t
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 (e) 
0 4 3

2
( 2 1)dx x x


        (f) 

19 2 2
4

(3 )dx x x   

 
 
 
 
 
 
 
 
 
 

 (g) 2

3

3sin  dx x


        (h) 4

6

2cos  dx x


  

 
 
 
 
 
 
 
 
 
 

 (i) 24
0

tan dx x


        (j) 2
0

sin 2  dx x


  

 
 
 
 
 
 
 
 
 
 
 
 

=[- -x] = [- 3x
++

= o - ( - t + 2) =
- > + 10 - ( + - )

= =

= [ -3cx] = [2sinx]
= 2 sin- usin I

=
->G - ( - 365)

= J - 1

=

= F(secx-1) dy = T-cosx
= [tanx-x = - I (cST - Cs0]

- tan- =/

= 1-
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 (k) 3
2

3

tan sin 2  d
cos
x x x

x




       (l) 2

6

1 cos 2  d
1 cos

x x
x





  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. Given 
3

1

g( ) d 4
g( ) h( )

x x
x x


 , evaluate the follohing integrals. 

 (a) 
1

3

g( ) d
g( ) h( )

t t
t t       (b) 

1

3

h( ) d
g( ) h( )

t t
t t  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Cos2X = CosX-sinx = 2Cosx-1 = 1-zsin"x

=J sinx ·Isixcoxdx =in
(1+2sx/(1- CosX)
X

= F 2 faux =2
= 2 J (ex-ld = F (l-asx

E
=

~ [taux - x] = 2 [x- sinx]
= - [5- - (-5 +]

= c[E - 1 - (E - E)]

= 453 - 4
=-

=-j3g
=-jhhix,

d

= - j3g(x)
+h(x) - g(x)dx

=
- 4 g(x) + h(x)

=- [g : (1-x (dx]
=
- (idx + Janex dy
=

- (3 - 1) + 4

= 2
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5. (a) Find 2 2d 1 (ln 1)
d 4

x x
x
   

. 

 (b) Hence evaluate 
1

4 ln  d
e

x x x . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

6. (a) Find d ( sin )
d

x x
x

. 

 (b) Hence evaluate 2

2

cos dx x x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) [ +** (2fux-11]
(b) S24xluxdx

= -[x2x + (2(x -x . 2x]
= 4/?x[[x (lux-1)]dx

=-(2x + 4x1nx - 2x)

=xlnx
= J? [x(lux-11]dx.

= [x- (lux -1)] ?
= eQne

=

- 1) - 1
* Clni-1

= e + 1

(a) Ex (xsinx/
= XCsX + sinx

(b) S xcxdx
=Fusinx) - sinx)

d

= [xsinx]-sinx d
= sin= - (-Esin(E)) = [ - zx]
= O
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8.2 Integration by Substitution 

Theorem 
If g( )u x  is a differentiable function of x, then 

g( )

g( )
f (g( ))g '( )d f ( )d

b b

a a
x x x u u  . 

 
Example 

7. Evaluate 
3 3

1
(3 4) dx x


 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
8. Evaluate the follohing definite integrals. 

(a) 
6

2
4 1 dx x  

 
 
 
 
 
 
 
 
 
 
 
 

Let ___________u  , then d ______________u   

When 1x   , ________u  ; When 3x   , ________u  . 

Change the lower limit 
and the upper limit. 

3x- 4 3dx

- 7 j

Su . 5 du & J ? 5 (3x- 4)3d(3x -4)

= [17 = [(3X-44] %
=

- 148
= - 148

Let u = 4x+ 1

du = 4dX
= go Jdu When X = 2

,
n = 9

=-[ X = 6
,
u = 25

= +(2 - 18)

=
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(b) 
2 2

1
4 2 1 dx x x


  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(c) 
2

3
d

6
x x

x   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

let u= 2 x+ 1

= SJudu du = 4xdX

when X = -1, u
= 3

= Tau X = z , n =
9

=- (27 - 57)

= -(27 - 353)

= 18 - 25

net u = 6 -x
,
X = 6- 1

du = -dy

- when x = -3 , n = 9

X = 2
,
n = 4

= Ju (6u- 2 -uE)du I ? = -S3
= IGuE zu
= 36 - 18 - (24 - 7
=- 3
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 (d) 
 0 2 4

 1
 ( 1)( 2 5)  dx x x x


    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(e) 
1

2 2 2
  d
( 3)

x x
x



 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

= S &, &(x+ 2x +5)4d(xi+2x +5)

= [(x2 + 2x
+5157
j

= to (55 - 45

=
210/

lo

= In (x
*
+ 3)
-d(x2+ 3

=- [Ex+35]
=

-E(t - E)
=

-
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(f) 
0

2
3

sin d
cos

x x
x

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
(g) 22

0
8cos dx x



  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(CosX)-# Cost X

Josinx
=-Jade - JI taux sev dy
=

- [(*
1
+

72 = [sec] :

=to-
= -

= jp)l
+C2x)dx

= 4[x + Sinax j
= 4(E + S
= 2T
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9. Evaluate the follohing definite integrals. 

 (a) 
1

20

d
4

x
x

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (b) 
3

20

d
9

x
x 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Substitution 

2 2

1
a x

 sinx a   

or 

cosx a   2 2a x  

2 2

1
x a

 
tanx a   

Principal Value 

sin ,  
2 2
      

 

 cos 0,     

tan ,  
2 2
     

 
 

12= 4 sin: O
~

=j . 2co Let X = 2sing

dx = 2Cost do
V

= g I di
when X = 0,

sin8 = o
,
0 = 0

= Toj when X = 1
v

sind = I
,

P=
= F

~

e. g. sinc = -I

0 = - I

Let X : stand Cs0 = - >

= gittarijssecodo dx = see do D=
when X = 0,

tand = -1

= ja do tand = o
,

0 = 0

when X = 3 0 = - E
- [0 1 : tanl

= 8=
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 (c) 
3

22
3
4

9 4 dx x  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

42 : 9 sin "O

= gJ9-sing . Eco doe Let 2x = 3 sing

X = 3 sind
= 3 scoso . cost do

F dx = Easd di

- EJc50 do when x = 34
sing = I , 0=

= Eit as when X = -

= [Of since sind : 1
,

0:

- [ + Su - ( + sin)]
= ( -1- )

=
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 (d) 
3

2 22

1 d
4

x
x x  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

X2 4sinz8

I X = 2sinO

= 4sin64-4since
zcosp do

dX = zcSQ do

when X= J2
I

= J Using n so
· cost do sing=, 0=

when x = 53
-↳so do

sing = 3 ,

0:

=I [-cotOJ dctO = - csc2P

=[ ↓ seco = seco tano

disco = - csPCO

- ( -- + 1)
= +)

-3 + 1)

= - E
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 (d) 
3

2 22

1 d
4

x
x x  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Let X= 2Cost

I dX = - 2sind do

when X = Jr,a
E2 sino) do

60= 0=
zsino do

when X= 53

6.0= 0=

= secro do

= [[tandJ
= (tan-tan F)

= -(1 -5
= y - E
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10. (a) Shoh that 2 1 1
( 1)( 3) 1 3t t t t

 
   

. 

 (b) Using the substitution 1t
x

 , evaluate 
2

1

1 d
(1 )(1 3 )

x
x x  . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

++3-t- 1(a)
R .H .S

.

= CSC =

(t+ 1(t+3)
= (t)(t+3)

I
dx Let t = E

/(- Endt) dt = -x2dX

dt = = dy
dt = -t dx

=S c+s · Ed - Eadt = dx

I When X = 1 , t=
- J

Ct+ (++ 3)
de

when X = 2
, t = -

St-3) It

= [ln(t+ 1) - luct+ss]]
= I (luz - (ny = (nz + mu =)

= lub
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11. (a) Shoh that 
0 0

f ( )d f ( )d
a a

x x a x x   , hhere a is a constant. 

 (b) Hence, shoh that 2 2
0 0

sin cosd d
sin cos sin cos

x xx x
x x x x

 


   . 

 (c) Using the result of (b), evaluate 2
0

sin d
sin cos

x x
x x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a= ?

f(x) = ?

(a) I ? fix ,d Let X = a = u

dx = - du
= S f(a-u)(-du) when X = 0

, U = a

X = a
,
n = 0

= S
,

"fla-m) du X , - dummy variable

= 9: f(a- x)dX
sinx

(b) put a= , fix) : sinx+Cosx

gSitGxdx=E - x)
dx

=getsinx &

(C) 2Sin, Cox dx= d+osxdx

= dx = [x
=

i.SinEX dx = E
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12. (a) Shoh that 2
0

2

f ( )d f ( )d
a a

aa x x x x   , hhere a is a constant. 

  Hence shoh that  2
0 0

f ( )d f ( ) f ( ) d
aa

x x x a x x    . 

(b) Hence evaluate 
2

32

0
cos d

x
e x x x




  
 

 
 
 
 

 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ja J

cas gafla-x)dx Let a - X = u

-dX = du

= J f(u) (-du) when X = 0
,

u = a

X= E ,
n = z

=J find
= Sf(x)dx

Jaf(x , dx = J
*
fixidx + Jafixdx

= jof(x)dx +5 f(a- x)dx

=j[f(x) + fla-xl] dx
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12. (a) Shoh that 2
0

2

f ( )d f ( )d
a a

aa x x x x   , hhere a is a constant. 

  Hence shoh that  2
0 0

f ( )d f ( ) f ( ) d
aa

x x x a x x    . 

(b) Hence evaluate 
2

32

0
cos d

x
e x x x




  
 

 
 
 
 

 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Cos (T -X)

= - 6)X

(b) put fixs = e(X-icos3X
,

a : T

f(T-x) = e(T - x =E cos3(π - X)
= e( -x)" (-cosx)3
= e(x

-E)"(= cosx)
=

- e(X
-Es

cosx

: f(x) + f(i - x) = 0

:

S.e (x=E ,
cos3xdx

= gdx
= 0

: required result = So*xdx
= [x]
= I
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13. (a) Let  f ( )x  be a function such that   f ( ) f ( )x a x   for all x. 

  Prove that   

  

 0  0
 f ( ) d  f ( ) d

2
a aax x x x x  . 

 (b) Hence find 
 4

 0
 sin cos  dx x x x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a is a constant.
a

let X = a-u
<as g"x fix, dx dx =-du

When X = 0 ,
R = a

= So (a-usfla-us Edu) X= a, n = 0

= J
.

"(a-us flus du

= ja(a - x) f(x)dx
= Jaafixidx-Saxfix, dy

: 29axfixidx = Jafixdx

S% xf(x)dx= fix dx
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13. (a) Let  f ( )x  be a function such that   f ( ) f ( )x a x   for all x. 

  Prove that   

  

 0  0
 f ( ) d  f ( ) d

2
a aax x x x x  . 

 (b) Hence find 
 4

 0
 sin cos  dx x x x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

condition

N
a =T

fix) = sinx cos YX

cbs Put fix) = sinxcos"X , a = Th

f(π - X) = Sin(π - x)(sY(π - X) check

= sinx · (-cosx)" - key step condition

= sinx Cos"X
& Te'

= f(x)

jxsinxcosixdx= sinx asix &x

=- cos"x &CX

=

=E [GX ji
= - E ) = 5 - 5)

=
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14. Let f ( )x  be a continuous function. 

 (a) Shoh that 
2 2

0 0
f ( )d f (2 )dx x x x

 
   . 

 (b) Further, if f ( ) f (2 )x x k    for all x, shoh that 
2

0
f ( )dx x k


 . 

  Hence, evaluate 
2

2sin0

1 d
1 x x

e


 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

9 . -> I ret x = a-u

condition
.

[

Let X = zT-u , dx = - du
(a) go fix do when X = 0

,

n = 2T1

See *= 2T , u
= 0

= grf(rn-X)dx
(b)
g
*

[f(x + f(zT-X)]dx = gkdx

get fix dx + 1. flaTi-x)dx = [kx] .
*

2g2f(xdx = k(2π -0)

Jotf(x) dx = ki
Let fixs =

1+ easiux
sin(2T -X)

I I

f(x) + f(uT -X) =

1 + esinx
+

1+ esinktX/
=- Sinx

I I I

&

1 + ecsinx
+

I+ e
-2sinx ezsinx +/

I I = (essiux (
=

1 + emsinx
+

1 +
+

eisinx : I* Hessiux dx
=

I ezsinx
1 + e-sinx

+

1 + easiux = π

=
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15.  (a) (i) Evaluate 
 2

 0
cos  dx x



 . 

  (ii) Using the substitution x y  , evaluate 
 2

 0
cos  dx x x



 . 

 (b) (i) Shoh that 
2 2 2 2

0 0
cos  d cos  d cos  dx x x x x x x x

  


    . 

  (ii) Shoh that 
2 2 2

0
cos  dx x x


 . 

 (c) Using the result of (b)(ii), evaluate 
2 3 2 2

0
cos  dx x x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

u = X-T

when X: T ,

u= 0

X 2π ,
h= T

ge + I
X = u , 2x=

(a) (i) 9 . Cosixdy
zXdx = du

when X = 0 , n= 0

= j% (1 + as2x)dx
X = Ji , u= 2 T

= [x + SinXj
=

Let X = T-Y(ii) J .** Cos'xdx dx = -dy
- Ji-y)asCT-y) -dy) when X =0

, y
= T

= J. (T - X) Cos2xdx
X= T)

, y
= 0

: Tg cosxdx-J : xcody

: 29. xcoixdx : I
Six cosx dx=
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15.  (a) (i) Evaluate 
 2

 0
cos  dx x



 . 

  (ii) Using the substitution x y  , evaluate 
 2

 0
cos  dx x x



 . 

 (b) (i) Shoh that 
2 2 2 2

0 0
cos  d cos  d cos  dx x x x x x x x

  


    . 

  (ii) Shoh that 
2 2 2

0
cos  dx x x


 . 

 (c) Using the result of (b)(ii), evaluate 
2 3 2 2

0
cos  dx x x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

cb> cis Jxcosx de Let u = X- T

du = dx

= S: (n+T1) Cos" (n+T) di when X = IT , u =
0

X = 2π
,

u = T
=

J. U cosndn+ 8:
"

Tcosindu

= i S. Cox dx + S xcosx dx
(ii) go Xcosody

= g
.

"

xcoixdx + gaxc22xdx
=+ So " cosxdx + So

*
xcosxdx

=++
= Th
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15.  (a) (i) Evaluate 
 2

 0
cos  dx x



 . 

  (ii) Using the substitution x y  , evaluate 
 2

 0
cos  dx x x



 . 

 (b) (i) Shoh that 
2 2 2 2

0 0
cos  d cos  d cos  dx x x x x x x x

  


    . 

  (ii) Shoh that 
2 2 2

0
cos  dx x x


 . 

 (c) Using the result of (b)(ii), evaluate 
2 3 2 2

0
cos  dx x x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x25x2dx not X
=
= u

2x = d
= J .Tu cosiv · Ide

↑ 2xdx = du

X2
* xdx When X = 0 , U = 0

= t . /* Xco5X dy X = JT ,
u = 2T

= I
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8.3 Integration by Parts 

Theorem 
If u and v are differentiable functions of x, then 

 d d
b bb

aa a
u v uv v u   . 

 
Example 
16. Evaluate the follohing definite integrals. 

 (a) 
4

0
dxxe x          

 
 

 
 
 
 
 
 
 
 
 
 

 (b) 
2

0
( 1) dxx e x   

 
 
 
 
 
 
 
 
 
 
 
 
 

number.
L

Priority : O a function

② sin/cosx

= S
.

"Xdex ③
"

= [xex]
.

"

- Sexdx
*lux=

= 4 . " - 0 .e - Tex] . "
= Ye"-Le Y-e'

= 3 + 1

= S % (x+ )de Y

= [(x+1sex] - Joe . dx

= se-1 -[e * 3

= 3-1 - (e--1)

= 2e2
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(c) 
2

3

1
ln d

e
x x x         

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (d) 
4

1

1ln dx x
x   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ine" = 2 ,
In 1 = 0

= / ,mxdxY
=4 &[xYlx]e -Jax * dx]
= (2 - jex3dx)

= (20 - []
- [20 - (Geo-/]
= Fe+

In * = enxt = -lux

=- jx(nxdx
=- IS" luxdx2
=- [[x-lux]Y-9 ,

"x= Edx]
= - 2 (16(4 - f , xdx)
=- (1614- [*]Y
= - -[161n4 - 18 - 51]
= (i - 824
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(e) 2
0

sin dx x x


         

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(f) 2
0

cos dx x x


  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=

- jxdcsX
=

- [xcosx] cosx dy

= [sinx]
= I

= gxdsinx
: [Xsin] Sindy

- + [Gx]

= +o - 1

= E -1
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 (g) 22
0

sin3 dx x x


         

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

zik by parts

= - gx2 dcos3X
=- [ XCs3X] jas3X . 2x . dx

= xcs3xdy

=E .. jxdsin3x

= ([Xsin3x]-gsinsxdx)
= -( - E + [Cos3xy)
= =)- - 5)
=- E
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(h) 
1 2

0
dxx e x  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=-S : x-de
-x

=

= Exe-* ! + Joe* exdy
=

- e + 2)'xe*dx
=

- e
+
= 2fxdeX

=
- e" - x)[x43 - Sie dx)

= - r - 2(e+ + [e ])
= - e

-"
-2(e

+
+ e" - 1)

= 2 - Jet

=z - E
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17. Evaluate the follohing integrals. 

 (a) 2
0

cos dxe x x


  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2 : % by parts,* original
= -gcode-Y CosX--sinx--CosX

=-Te*cos] ex . C-sinx)dx
=- (0-1) - g.e " sinxdx
= 1 + 5 sinxde-x
- I + [eYsinx]ge

*

coxdx

=i+ e
-
- je> cosxdx

: je- *CsxdxHe
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(b) 2
0

sin 2 dxe x x


  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

= gsinax de

= [exsin] e *
cosux . zdy

=0-2cos2xdex
= -2 (Te * cosux] ex Cusinaxsdx
= - (e + + 25 exsinuxde(

= ze + 2 - 4 je "
sinax dx

: exsinzx : zetz
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8.4 Definite Integration of Odd and Even Functions 

Definition: 
Odd Function 
If f ( )x  is a function that satisfies f ( ) f ( )x x    for all values of x, f ( )x  is an odd function. 
Even Function 
If f ( )x  is a function that satisfies f ( ) f ( )x x   for all values of x, f ( )x  is an even function. 
 
Example 

18. Determine hhether each of the follohing is an odd function or an even function. 
 (a) f ( ) sinx x         

 
 
 
 
 
 
 

(b) f ( ) cosx x  

 
 
 
 
 
 
 
Theorem  
(a) If f ( )x  is a continuous odd function, then  

f ( )d 0
a

a
x x


  for any constant a. 

 

 

 
(b) If f ( )x  is a continuous even function, then 

 
0

f ( )d 2 f ( )d
a a

a
x x x x


   for any constant a. 

 

 

*

odd function
f(-x) = Sin(-X)

== sinx

=

- f(x)

even function.
f(- x) = cos(-X)

= Cos X

= fix/

A

↑

T

↓
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Example 

19. It is given that f ( )x  is a continuous even function. If 
7

7
f ( )d 11x x


  and 

3

0
f( )d 2x x  , 

evaluate the follohing definite integrals. 

(a) 
7

0
f ( )dx x         (b) 

7

3
f ( )dx x

  

 
 
 
 
 
 
 
 
 
 
20. (a) Let 5f ( ) cosx x x . Shoh that f ( )x  is an odd function. 

 (b) Hence, evaluate 52

2

( 1)cos  dx x x





 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=S[fwxdx = Jo fixdx + 9
.

7
fixdx

=I . 11 = J
.

"fix dx+
=

= 2 + t

= I

↓ coxdx =

(a) f(-x) = (x)5 cos)-x)
= - x5CosX

=- f(x)
: fix) is odd

Chi jx5coscode
= [sinx]
=1 - --1)

= 2
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21. (a) Let  f ( )x  be an odd function for p x p   , hhere p is a positive constant. 

  Prove that  

 2

 0
 f ( ) d 0

p
x p x  . 

  Hence evaluate  

 2

 0
 [f ( ) ] d

p
x p q x  , hhere q is a constant. 

 (b) Prove that 
3 tan

1 3 tan6
23 tan

6

x
x

x





      
   
 

. 

 (c) Using (a) and (b), or otherhise, evaluate  

 
3

 0
 ln(1 3 tan ) dx x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

fam (A-B1 =
tanA-tauB
1 +fanAtanB

tan=3

cas gilfix-pody Let u= x-p
du= dX

= jip flusde when X = 0
,
n= -P

=

O

X = 2p, u = p

J
.

*
[f(x-p) + g]dx

= J. f(x-pdx + Jagdx
= o + [qx]
= 2pg
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21. (a) Let  f ( )x  be an odd function for p x p   , hhere p is a positive constant. 

  Prove that  

 2

 0
 f ( ) d 0

p
x p x  . 

  Hence evaluate  

 2

 0
 [f ( ) ] d

p
x p q x  , hhere q is a constant. 

 (b) Prove that 
3 tan

1 3 tan6
23 tan

6

x
x

x





      
   
 

. 

 (c) Using (a) and (b), or otherhise, evaluate  

 
3

 0
 ln(1 3 tan ) dx x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

<b) L-H .
S. = 53 +

tanx - E
It tanx,

53-
tanx - -3
It tanx 3

= 53 (1+ 5 taux) + tanx - >

53 (1+ tanx) - tanx + -3)

=
5 + 2tanx - >

53 + 53
= (3

+ 253 taux - 1

3

(3
=
z + 253 tanx

4

=

I+ 5staux
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21. (a) Let  f ( )x  be an odd function for p x p   , hhere p is a positive constant. 

  Prove that  

 2

 0
 f ( ) d 0

p
x p x  . 

  Hence evaluate  

 2

 0
 [f ( ) ] d

p
x p q x  , hhere q is a constant. 

 (b) Prove that 
3 tan

1 3 tan6
23 tan

6

x
x

x





      
   
 

. 

 (c) Using (a) and (b), or otherhise, evaluate  

 
3

 0
 ln(1 3 tan ) dx x



 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2p==

p=

(c) J In (1+ Istanx)dx

53+ tan (x-E)
= j (nz + Mn[ 5 -ta(x-s]
*

Let fix = In[5
f(- x) = (n(53 + tan(-x) (

53 - tan (-X)

= In( S

= In (5+Tax T
=

- In (5+x) ==
- g In (1+ 53 tanxidx

= 2 . F . Inz

= Inz


