CHAPTER 8 DEFINITE INTEGRATION SECONDARY 5

Chapter 8 Definite Integration
Supplementary Notes

Name: ( ) Class: F.5

8.1 Concept of Definite Integration

A. Definition of Definite Integration

Aim: To find the area 4 of the region bounded by y =f(x), the x-axis, the vertical lines x=a

and x=b, where f(x) is a non-negative continuous function defined on the interval
[a,b].

y=£f(x)

Area A

[ =
b

The following procedure shows the process of finding the area A.

1.

2.

Divide the interval [a,b] into n equal sub-intervals by the points x,, x,, x,,..., X, ;,x,, Where

ey n-12"no

a=x,<x <X,<..<x,=b.

Hence, we divide the interval [a,b] into n closed sub-intervals [xo,xl],[xl,xz],...[xnfl,xn].

7
7
;k
te

N
B D

>

0 (Xo=)a $ X 4 X; Xe-1 b X X1 A b (=X,) g
A AL }k v SRl
The width of each sub-interval is given by [ Ax = b-a .
n
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CHAPTER 8 DEFINITE INTEGRATION SECONDARY 5

3. Select an arbitrary point ¢, in the kth sub-interval [xkfl,xk] and consider the rectangle in the

interval of height ‘ (G4) .

Area of the rectangle in the kth sub-interval =1(c,)-Ax

4.  Sum of areas of all the rectangles under the curve y =f(x) on [a,b]

= () Ax +£(c,)Ax +...+ (¢, )Ax

= Zn:f(ck )Ax

5. When the width Ax of each sub-interval tends to zero, the expression gives the area A4 of the

region.
Le. A= E%;f(ck)m

n- oo

This limit is, in fact, the definite integral of f(x) from x=a to x=5.

Definition of Definite Integral

For a continuous function f(x) defined on the interval [a,b] , the definite integral of f(x) from

x=a to x=b isgivenby y
A
=
0 2N KA—X:/‘
1 1
f :1' f . —_
(x)dx = lim kzl (c,)Ax : E
1 } 1
| I 1
| 1 I
I I I
1 1 1
1 : 1 > X
0| al=x) Xe-1 ¢, X b(=X5)

Note:

1. ais the lower limit of integral and b is the upper limit of integral.

2. xis the variable of integration and the function f(x) is the integrand.

3. The process of finding the definite integral of a function is called definite integration.
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Unlike an indefinite integral, a definite integral is a number. It is not a function.

Take the following graph y =1f(x) as an example.

[ e =4

y

y=1f(x)

area A

If g(x)<0 forallxin the interval [a,b], and thus

==

[ gGdr=-8.

B. Properties of Definite Integrals

area B

y=g(x)

Definition:

For a continuous function f(x) on the interval [a,b] ,

jb f(r)dv=—["F(x)dr

Property 1

Let f(x) and g(x) be continuous functions on the interval [a,b] and & be a constant. We have

the following properties of definite integrals.

lj '—‘f’(m

() j:’kf(x)dxzkjjf(x)dx )

b b b /\Vl
(b) [ IF(r)+g@)ldy=[ f(x)dv [ g(x)dx
© [100x=0 omx wmbe o pou] =0 /|
(d) j f(x)dx = Lf(x)dx+ j £(x)dx "

© [fde=["twd 5  on dummy ~orebls
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[llustrations of Properties (c) to (e)

(©) y (d)
A
y="flx)
(a, f(a))
0 & > X
y y
(e) A A
y=f(x) y="f(u)
L < |
T T > X T T > U
Of a \ b O a b
- Areas are equal —
Example

1. Given that J:SO f(x)dx=-6 and J: f(x)dx =10, evaluate the following integrals.

"

]

@ [ fCos

n

—J)—J Foodx = - (-4) = b

_lo

) [, fde

- !
(©) j_llof(x)dx J’: -F\K,d/\ " J'S {(x) Ix

= —[,—1-(0

-y
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CHAPTER 8 DEFINITE INTEGRATION SECONDARY 5

C. Fundamental Theorem of Calculus

Fundamental Theorem of Calculus

If f(x) is a continuous function on the interval [a,b] and F(x) is a primitive function of f(x)

(ie. %[F(x)] =f(x)). then | f(x)dv=F(b)~F(a).

Note: F(b)—F(a) usually denoted asr F(x)|: .

Example

2. Evaluate fx dx.
3

j:’l’dx:[«—:]‘ = }z—l_\—?«: Y

3. Evaluate the following definite integrals.

(a) j02x4dx (b) j:6x;dx
(9> ~ 5%

I BN
22 = "(6‘ ?)

- p———

( - g

(C) J.j%dx (d) Lz e’ .;exdx
- 4 _ Y
= l»L‘.‘Q“x}\r = Lz QX- (7(]‘
= % (kux\ J{v\\e) . i [Q"— Q—L-(Ql" Q—-«)]
= 4 W2
L (e=-Hh-e+q)
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© [ ('-22"-Ddx

(2) jg3sinx dx
3

3]

vld

wid

= 3 C-Sz (’30-5 3)

. 2
= 2

) j(3x +x2)dx

3

< [ ]w

"
w -
_}
oo
\
—
—+|
+
w
\—

(h) j42cosxdx

\’zsmx ]

a N

1)

:jl—’\

4

) I sin2x dx

L - C-sa—x

—-‘;- (usT\-— Ces o)
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CosiX = Casx- Sm'x = Xlos™® —| = 1= 26X
CHAPTER 8 DEFINITE INTEGRATION SECONDARY 5
&) I tan xsin 2x dr I 1= cos2x
3 cos’ x ~ 1+cosx
2 < -
= 3 S . < Tw
12, M: - 2slux Cosx dx = ,( s 2R
30 Geox B 1T O (o) (1- Cosx )
T O
= j; 2 Taw™x dx = z-S’— (= &8 AX
X T 1+ Cesx
- 17‘5 T d T
Z,J g (S(’.CK | ) ox - )_J-,_ L" &S)()JX
..“3 T_:G
-
- 3 o _E
- LLTa_hx— X](—ﬁ. -~ 2 [O(‘SMX]_G
> IS
o = Lo +
:L[]_;-'g (]1*3)J 7'L; \ (T)
T = "I\. -\
= &Ja- kf-_;) 3

4. Given J.(—x)

dx =4, evaluate the following integrals.
g(x)+h(x)

g(®)
g+ h(t)

Ol rvev

3 (x)

) jl gL+ hix)

< -t

1

I -

- _ 3
i

h(?)
®) L g(t)+h(t)
_J 3. hw dx
[ SLX)‘I' hix)
zj(x)-th(xj- 30:) 1
x
Sm—r hex)
— — X
lfl (l jcx)‘t’hﬁm)
.4
J( Udx J Juc)-fhtx)
-(2-V+%

(]

2
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5. (a) Find %sz(mxz—l)}.

(b) Hence evaluate Le 4xInx dx.

. d
6. Find —(xsinx).
(a) Fin ™ (xsin x)

T

(b) Hence evaluate Fﬁ xcos xdx.
2

() }X (xsinx )

= X (s X t SINX

T
>
<

_x
2

S /d ’ - <
_fji(g_x‘(m.w\)c)

et

>~
[ X Sinx }
T ’
'21: < ey < (

= 0

ch) X CosX dx

vl

"

Nl’1 V‘A

SM (

poi

2

)) -

cb)

n

1]

-
—

-

wx ) dx

-

JT e Bax dx
"i'J ﬁﬁfx CQV\?G—I)]JX
18 [t -u] dn
| %
1’4
1 «L(Q\AN“’U ] |

¢* (e ) -
0 +|

\t(,ehlt"\)

— J,‘l SIAX Q‘X

o

k=
e

2
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8.2 Integration by Substitution

Theorem

If u=g(x) isadifferentiable function of x, then

[ fetng e = [ fudu

Example

3 3
7. Evaluate L (Bx—4)’dx .

SECONDARY 5

Change the lower limit

and the upper limit.

Let u= 3x-

,then du= 3dx

When x=-1, u= '3 ;Whenx=3 , u=__| .

I

- - WY

8. Evaluate the following definite integrals.

9 Y
— —% Ly
S5 L],
= (lfo-|%>

wlf -

j’ 1 0x- )7 dx-w)

_—-‘

= [. (37<—\“)\f ]3
Y -|

= - (4§

Lefi' w = (fX—H
du= Gdx
\N\ww X 22, \A'—g

X=6, uz1j
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() [ 42 +1 dx

\,OT u-: ZA(I‘H

= i du: K(”Xd%
(e
’ > i \NL.!V\ x=—\, 4=

3
:Izwil Xz 2, \4:3
3 32
= 5 (1 M)
- % (>F- 2J3)
- §-=Is

i

© [ ———dx et u= b-x, A= b-n
5 Jo-x
-4
N i
Odw) Whon x=-3 w=9
Ju .
X222, wu=
4 4 L a
- -2 =2 b
Jﬂ% (bwn w’)du J’A - - «('b
_ + 2 4
= [ bu 24’ ]
L) 3 )
- (b
>3- 3~ 0OY-3)

L
|
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@ [° @rDe?+2045)" d

= _fi 4 x‘+zx—+r)ud(xk+’~x -+§)

[

[(x +>—><+I)S]

L
2

=l
~ L (5% 40)
= llo\
|o
@ I, o3
-\
-\ ‘

S J Cd (AT y)
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0 sinx °  giux l
(f) Iﬂ dx '/—1 A x

T 2
3 Cos” x 3 Cos?

¥}

- ”J ° | J Lk J °1 Tomx seex dx

T 2
r (c,,s’X)“' ’ = °
- - T ] T - Ceex | _R
" — -3 - | ] 3
- B
= T
Co30 CesC3)

T |+ G524
= [P dx
- ‘. 2 ]o
T <
=t (=+ T
= 2T\
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CHAPTER 8 DEFINITE INTEGRATION SECONDARY 5

9. Evaluate the following definite integrals.

1 dx Substitution
@ |,

1 ’X": \(»S-(V\LG 1

x=asin@ /

‘EG \ \-—Ot « = 25‘“/\9 m or
=J S2050 d Ji e ~
v 7-C°50 C('X = (s dl& a —x x=acos@
= ~ 1 x=atanf v/
= S ((4 ' M \N\"‘Q"\ Xx=09, 2 +4>
7 $iwd =0, D=0
R Principal Value

= | - .
L 9 :( o ‘QV\ X \L . sine—{—%, %} V4
— SN(V\LQ =2, 0- —6

= /2) ‘ cosd —[0, 7]

T
tand —»| ——, —
an [ 2 2j\/

Zg. snl = -"i

® [

2
X

\_Q:\‘ /X: ;'\2.,[9 C,,5@:_—‘£
S [P ey oke 2sechdd B XL

o §Uta)
H\uvx x>0
F ’ Tﬁm& = —‘l

T A 0o D-
- Jo 3 AB ‘b' 8 / © T
\,J\dw X= 3 B (("
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(©) j %\/9—4x2dx

14-95129 - = 5D &)

3 J( 3¢s@ s W

E Cos™ D di)

- X
q9 T S(w b
—\;\, b p ]3
A O
g/t b
ﬂp(? b &f)
v 40

lex™ = 45109
\@T/ X = 15m
g2 2 §ud

2
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@ [

1
X’ \4-x

dx

K .
— 3
L0l
[ 503
L——S‘——s +\>

= G sin>0
A~ 26mQ
d?(: Lb$9d’e
uw X = S_:‘- _
siu@ = E;- ( 9:—(\9

Vew x = 53

wr- B 9-%
dest 0 = - cec®®

dsecd = s=ed Tan b
dased = -esd ol
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(d) Jfﬁdx LET x= 2(osH
o | X = ~26nQ 4B
- S J C').S?,V\ O)QLQ
3 bes*9 J“(" Lesd when K = F’T -
1 Ces0 = %_ b=
j ‘ 26119 4O '
‘(._\, L{-C-s"@ 26n Whan - 13 =
T CP’& = % ’ 8: —6
S cec*d 40
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10. (a) Show that

2

1

1

(t+1)(+3) T4l 143

(b) Using the substitution tzi, evaluate J.fm
(@ . G- 0arh 8- 2
| t+ntet3)  @roGtn  ({G )
(b) = ’ d L
Jl (i~ x)(t+2X) X lt € = X
s - _av
- jz ‘ (' Zl'v.clt) QH-’_ X Cl?(
! (”'7;)('*‘%‘};) df = ?I‘QPX
( _tL d‘r/ - _.Ex.ql,x
: f mdt “hdt = dx
$ GtHE+3y T 5
= J' | -t }q\u\/\ x:\( t“\
2 (1o (‘ﬁ,‘t}) when x 12, _xz iz,
N U A R J
2 J_L T+ ) y
2

AL
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11. (a) Show that j: f(x)dx = J.Oa f(a—x)dx, where a is a constant.

="

sin x 2 cosx

b) Hence, show that 2 dx=|2 )
®) IO sin x +cos x IO sin x +cos x ‘f()() 2 1
(c) Using the result of (b), evaluate ‘[ E,SLM .

0 sinx+cosx

(a) jﬁ {m&% T %= a-u
’ (J’)( :-dVl

:JO‘F‘(&—V\) (—JV\) whn xzo, y=a

o X2e, V=0
i Jo Fo-wdn A - dummy eriche

§, Flmdx

!

ginX
T -~
(b) PAT 72y _ﬁx)ﬁ C(a Xt (o5 x

\-(Tsﬁ Cin X Iy = JI‘L' £ (IL“X) ol

o $Xt Cox o Gn( e %) Cs (I(z”“)

_ s (s X
1 b

Cs X =+ Sinx
I
T ' X ~ 2
£ gnX 3 Sin > Gsx
Q) zS’ : X :S> AL : dx
o olax+ Cefx o X T Cesx o Siwx—t CsX
X _ ps
= J‘\- [ clfx & )’* 3 v
0 o
~ B
>
L giwX

-1

, 1
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12. (a) Show that _[05 f(a—x)dx = Iﬂa f(x)dx, where a is a constant.

2

a T «
Hence show that j:f(x)dxzj‘f[f(x)+f(a—x)]dx. Jo = 5, - Sﬁfl
(b) Hence evaluate L”{e("’;j cos3x+dex.
. a-x =
(a) Jt{-(cux)dx o’ X u
0 —-dx = du
9
= j’ f(w (4w whew x=o0, u= G
s =3 %7
N Jg_ ‘E‘&V\) t!\«
2

(-8
= J: ‘F(X) dx

Jf}em dx = J% ‘K-\x)o\\( -+ §:_‘FKX)0\?<
‘JZ:L' —F(x)dx -+ J%+(«—%)dx
- Jgi [‘F(X)*— o~ x) | dx
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12. (a) Show that _[05 f(a—x)dx = Iﬂa f(x)dx, where a is a constant.
2

Hence show that j: f(x)dx = f(x) +f(a —x)]dx . N (Ti - 9()
: = — IX
(b) Hence evaluate IO” {e(XZJ cos’ x + dex .

.
b) va\-t WK"‘): Q(’X 2)

s> o= T

r

] (M-2-3)
T = (s> (- %)

-, ) (~tsx)

x-L )"
= @( L— CASB/)C)
- (x> %)" 3
= - K Co§ A

(f
—
~|>>
rl
[\
0)
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13. (a) Let f(x) be a function such that f(x)=f(a—x) forallx. K <« Y a Ce\nfrw_t

Prove that [ xf(x) dx = % [0 f(x)dr.

(b) Hence find I: xsinxcos® x dx.

(&) 4
A (K)QLX
J, %1

jo (c-w) —F(a.wx) (=du)
a
_SA (_c\— w)"l(%) du
[* (a- %) {oo dx
= J"‘ aqﬂ(x) dx - Jjﬁ‘F()()el?(
ZJ& xfex ) dx = J’:a%xm\x

Ji /X‘FLK) dx = %—L'(M: ‘F\)Oe\)(

n
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(a0
CaQirlton, .
13. (a) Let f(x) be a function such that f(x)=f(a—x) forall x.

Prove that IZ xf(x)dx:%jj f(x) dx. /& a=Tl
: R
(b) Hence find IO xsinxcos® x dx. ‘fUQ) = S(WNWX L3 X
&) r"‘t ‘FU(): SiwX C-s\fég L k=T

Llp-a) = s (7-4) bs T (- %)

~—

theck

Can JIT‘I LA

snmAX - (- C~S’X)¥ & k“") gTQF'
Sinx Cas X

7%
= fx)

I

1

\J
ov A
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14. Let f(x) be a continuous function.

(a) Show that jomf(x}d":ﬁﬂf(zﬂy Covdrtion

(b) Further, if f(x)+fQ2z—x)=Fk for all x, show that joz”f(x)dx:kn.

Hence, evaluate J. 2”%
- 0 I+e
(%) J . ‘?U&) dx
=7 femw (- dwy
= (T - w
- j’: _F (T - X) dx

L'-T X=2M-u , e\’X‘*"C(V\

Nl\LV\

chy J:-‘ [{axw fen-x ] dx - jm k dx

(Y

sz‘ ng dx + foﬂ ‘FU«T\‘/X)D\X = [lco(];ﬁ
y S’j‘ foodx = k(o)

‘K),T\ ‘g‘)‘) o)’)c

=

kT

) + Q"—G‘mx [~ a“-l"\ (R-x)
I
|+ I+ 24X
. ( [ yd
i U x {
Al L [+ 61(7!4)(
( 285nx
= —
~ux
\+ ¢ [+ Qu?«nx

Sm (>T-%)

S = fnxg

|
zﬁlv\x -+ l

(")
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15. (a) (i) Evalate [ :coszxdx.
ws= X-T

(1) Using the substitution x = —y, evaluate “xcos® x dx .
'[0 wwu X2 T, wo

(b) (1) Show that J.chos2 x dx = ﬂ_[oﬂ cos’ x dx+J.0”xcos2 x dx. x> 3|, w0

T >T
(i) Show that [ xcos’x dv=7". S:m - L\“‘ {4

27 1:— }“l N

(c) Using the result of (b)(ii), evaluate IOJ_x3 cos® x* dx. X “ éx

(o) () ST\ Cos™ % dx X% = du
- Wi X9, u=o

= _So';(ﬁ- o.szyc)elx x: Jof, W

. LT X CinaX k

- L L "

- X

T2

Ly j N X o™ & dx
0

° B > -d -
S R e s g
1 (- %) s d
:ﬂjzus‘acéx- j:\«cos%cJ’X

T . T
)_S & o™y dx = ——
) 2=

s 2
J‘: 7(0057(4’)( = _%(:
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15. (a) () Evaluate [ 0”cos2 x dx.
(1) Using the substitution x = —y, evaluate j:xcosz x dx.
. 2z 5 V4 2 V4 )
(b) (1) Show that J. X COS xdx:ﬂ_[o cos xdx+'|.0 xcos” x dx.
.. 2z 2 2
(i1)) Show that IO xcos x dx=rx".

(c) Using the result of (b)(ii), evaluate IO ’ x’ cos” x* dx.

by o) _(ﬁ( & ("X A% bef w= X-T
-“ du= dx
T _
1wt e ) du whin X = T, us o

x= >, «w=T

T . AN .
Jo W Gs'u du+ SD N Cs ndu

1]

T T
T eoxda §, acexdx

- >T
U() J . X C/‘S;QLX

V)

< a .
S K Cos dx =+ ST( K Cosmx dx

=
.\ N R 5 X s Adx
- T+ [, es®™dx+ g
1 o w:
R R N g
- §

p

= T
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15. (a) (i) Evalate [ :coszxdx.

(1) Using the substitution x = —y, evaluate j:xcosz x dx.

(b) (i) Show that rﬁxcosz x dx = 72"[0” cos’ x d)c+’|.0”xcos2 x dx.

.. 2z 2 2
(i1)) Show that _[0 xcos x dx=rx".

(c) Using the result of (b)(ii), evaluate IO ’ x’ cos” x* dx.

) jf;‘:\@c.s"«z dx

SV} -
J \ U LS - éd%
3 T
x* /Q“cl’)(

i = -
S -Jo X Cos™% X

o

Laf" 4(2':(/\
2X = Q"’;

;,%e\?(: éu.
ke X =0, W=29°

x= 127, w* >N\
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8.3 Integration by Parts

Theorem

o anber -

If u and v are differentiable functions of x, then

Lb udv + [uv]l; —J.: vdu .

Example PY‘«M’“U : @ z ‘F‘AMCﬁtM

16. Evaluate the following definite integrals.

@ [ xe'ds ® </ con
= J:'/xéz" @ X"
_ [/XQ«]:— ‘(L(-(gxcb( X 2‘/\)( & ((%/lf},
— 0 (’;

Q

= L.gt- p.p° - IQ,X]
S TARIUAS e’ )

= 32%4—\

(b) [ (r+De'd
=[5, (aty de”
— + >
= [(x+we*) ) - [, e dx
2 Cz" ( — [ex 10
= 207 - (7= 1)
= Q_Qz

(
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(c) Lez x In xdx 2" t‘ Tz

()

'

1

( 8 —Q(_tr
Y (lﬁ - L <3
- T R 4 &
5 [ - (ge-%)]

3 ¥ 4
= ‘_bQ -+ b
) fxlnidx
o 1 Do ds

SR I D A

-3 (b Ry - f‘f «éx)
“L (kb - [Z ] )

= iLUo/Q\aLt - (8-3%

= B gl

Iy =0
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CHAPTER 8 DEFINITE INTEGRATION

(e) J?xsinxdx
T - J% x d Gsx
0 E ]i
- [« cosqjo + J. Csx dx

. [;m]%

= |
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6 ffﬁ sindxde 23R by Iw‘fs

L s .
=-3S°’X d tos 3%

"
[
A

1]
w(~
—
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(h) [ x*edx
-fl a*de ™
) o _x

[ a7 ]0 + [, e sxdx

- ¢ '+ zS'o e dx
= -e - ZJL 4 de™

— _ ( | X
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CHAPTER 8 DEFINITE INTEGRATION

17. Evaluate the following integrals.
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(a) .[02 e " cos xdx
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SECONDARY 5
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CHAPTER 8 DEFINITE INTEGRATION SECONDARY 5

* 8.4 Definite Integration of Odd and Even Functions

Definition:

0dd Function
If f(x) is a function that satisfies f(—x)=—f(x) for all values of x, f(x) is an odd function.

Even Function

If f(x) is a function that satisfies f(—x)=f(x) for all values ofx, f(x) is an even function.

Example

18. Determine whether each of the following is an odd function or an even function.

(a) f(x)=sinx sdd ‘(Zuha-iw\ ;:
fix) = s (-x) -

M X
= — ¢lnx - i

= —-{Z(x/ )

y=sin x

(b) f(x)=cosx Zvtn ,F'Ma—“m‘ y
_y=cosx
fx) = Cos ()
= CS X
x 0 [ ol
= ‘FU( ) . 2
Theorem "
X (a) If f(x) isa continuous odd function, then y=f(x)
a A
I f(x)dx =0 for any constant a. ¢ > X
—] -a 0 a
r -A

Y X

(b) If f(x) isa continuous even function, then

f f(x)dx = 2.[: f(x)dx for any constant a.

-a
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Example

19. Itis given that f(x) isa continuous even function. If J.; f(x)dx=11 and j; flx)dx=2,

evaluate the following definite integrals.

@ |t

®) [ fa)de
K -th) Jx

= J_: -FOQJX -+ Jo$‘ftx)Qx
—\5-‘ =J Q'F\X)Jx -+ L;_'
X 0
L

= _l"r—

_ 4

= T

2

20. (a) Let f(x)=x"cosx.Show that f(x) isan odd function.

1
(b) Hence, evaluate Eg(strl)cosxdx. \) J‘_‘:' KJ C@SW(J% =0
(a) —F(-x) = ) Ces(~x)

= — 4T Cax
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21. (a) Let f(x) bean odd function for —p <x < p, where p is a positive constant.

2p
Prove that jo f(x—p)dx=0.

2
Hence evaluate IO ! [f(x— p)+q] dx, where g is a constant.

\/§+tan(x_”j_l+\/§tanx “[‘aw(lﬁ\—&): w

It TanAfen B

6

\/g—tan(x—Zj 2

(b) Prove that

% 5

(c) Using (a) and (b), or otherwise, evaluate | 3 In(1++/3 tan x) dx.

(@ (71 foxep ot w=Ap

P ) duzrdx

) T when x =o, us —f
\, X = zY( n= r
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21. (a) Let f(x) bean odd function for —p <x < p, where p is a positive constant.

2p
Prove that jo f(x—p)dx=0.

2
Hence evaluate IO 3 [f(x— p)+q] dx, where g is a constant.

V4
\/§+tan(x—6j B 1++/3 tan x
\/g—tan(x—;[j 2

(b) Prove that

(c¢) Using (a) and (b), or otherwise, evaluate Jf In(1+ J3tan x) dx.
|

by LHs - T3+ T - EA_
|+ Tanx'ﬁ

§- P

[+ Tanx ?3

2
13 (H— ]\-'!:’wa)“' T‘"‘X"f?,

I3 (l“l' E Tﬁnx)— -‘:‘V\X*E)
Jz t 2’\'Mx— ﬁ

B+G

_ 3+>ETMx-\
= 5/

= 21'3'5—\:"’\)(

L(.
|+ J3 Tonx

2
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21. (a) Let f(x) bean odd function for —p <x < p, where p is a positive constant.

2p
Prove that jo f(x—p)dx=0.

Hence evaluate 'l [f(x— p)+q] dx, where g is a constant.

\/g +tan (x — ”j
(b) Prove that 6/ I+ \/gztan oy -
\/g—tan(x—;[j 2P 3
.
P*%
(c¢) Using (a) and (b), or otherwise, evaluate Jo@ln(l ++3 tan x) dx.

Rl / ’F(.X‘-F)
(e 3 kn(""ﬁme} dx : _ T
Jo J;‘(‘t'm(x'%) ] dx §1ﬂ(x 1%

S L R Q“[f% T (5%

i Ao [ 2
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E "A‘_AV\ ('X)

- JZV\ &E—_V\MX >

53 +Tex
Z k/\,\ (J_}.‘\' —%“V\K )—\

ﬁ—‘\‘wx
~ I3+ feax R
y /}&“(B—mﬂ oo
B Jo Jn (1% 5 i) dx
~ 3 :% XV\Z

>:C‘3\‘KV\L
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