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Chapter 20 Arithmetic and Geometric Sequences
Supplementary Notes

Name: ( ) Class:

20.1 Revision on Sequences

A list of numbers arranged in order is called a sequence. Each number in the sequence is called a

Toerm

Examples of sequences:

() 2,4,6,8, lo ., |» (i) 3,-9,27, -8[, > (iii) 1,7, 20, 12, 3

Note that the terms in a sequence may or may not form a pattern.

General Term of a Sequence

Consider the sequence
. 7, 13, 19, 25
Using T'(n) to denote the nth term in the sequence, we have
T 1=_F ., 1r@=_1> 7 3)=_ 8, ()= 5

In fact, the nth term of the sequence 7'(n) is called the qeﬁ\@rkl term of the sequence.
J ]

From observation, the general term 7'(n) = bn + | .

Hence, find the 10th term and 100th term of the sequence.

T@e) = bxlot) = b\ / TU\N): bxlos & [ = 6°‘

Example
1. The general term 7, of asequenceis l—an, where a is a constant. It is given that 7, =-23

(a) Find the value of a.
(b) Find 7.
(¢) If T, =-65, find k.

(a) (- fa=-23

a=0b

@ 1= k= -ty
-LL = -‘,(,

by Tu=1-6bn l

TX = [— bxY

:_v1
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2.

The general term @, of a sequence is kn” —1, where k is a constant. It is given that a, =11
(a) Find aq,.

(b) Determine whether 143 is a term of the sequence. Explain your answer.

(2) k-2 =11 b)

Gl =12 = oy
k=3

n= -.t,ﬁé , Y ?osf;v(_ Td-ljev‘

s wt A tew
o the 5‘—%"‘"‘“'

| = (43

3.

Let a, be the nth term of a sequence. If @, =3 and a,,, =2a,—1 for any positive integer n,
find as.

AQy=2(—| = 23—

OLE: l‘{:_"‘ =2y~

=
)

ag = xa3 -

I

>-y- ) ——"’,
-1=23

0\5 = 204 -\ = L-l% 3

4. Let a, be the nthterm of a sequence. If a,=2, a,=5 and a,,, =2a,,, +a, forany positive
integer n, find a,.
Q;: 24, + c\‘ = )-Y-‘-l = (=
Oy = )—&;-(‘a'z = 2 ‘L‘(‘Y = >1
Ay = 24y t&y = 3 3 f = o
Qg =

3Gy + Q¢ = l-a‘-(*?% = [q
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20.2 Arithmetic Sequences

Chs)

A. Concept of Arithmetic Sequences

Definition: An arithmetic sequence is a sequence having a common difference between any term

(except the first term) and its preceding term.

Example of an Arithmetic Sequence (or in short form A.S.):

Note that the common difference may be positive, negative or zero.

Example

/{% >F¥?J = CSMAV\—I_

Common Difference = +2>

5. Determine whether each of the following sequences is an arithmetic sequence. If it is, write down

its common difference.

Sequence Is it an Arithmetic Sequence? | Common Difference (if exist)
4,9, 14, 19 Yes 5
2, — — -
' 3 1, ;§—4 ,;;‘7 Y"— < BN
1234, 24728 No /
8 7 i
3, =, =, 2 -
> 3 s 3 > \(Q_S 3
2, 2, 2, 2 Yes o
Class Activity
Consider an arithmetic sequence with the first term a and the common difference d.
T,=a
T,=a+d
T, = &-H.A
T,=_o+3d

T = 0+ n-\) -4
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The general term of an arithmetic sequence is given by
T =a+(n-1)d,

where a is the first term and d is the common difference of the sequence.

Example
6. Given an arithmetic sequence 6, 15, 24, 33, ..., find

(a) the generalterm T,

(b) T,.
@ Tw= b+ (n-0-§ b Tz Jxlp-3= |of
= Qu-3

7.  Consider the arithmetic sequence —11, —18, —25, =32, ....
(a) Find the general term of the sequence,
(b) Find the 10th term of the sequence.
(c) If the mth term of the sequence is —109, find the value of m.

(a) Ty= -+ (u-1)(-7) (0 Y- Fwm-: —nﬁ
=t - wm o= J
d’) T'o = —\- :)'Xlo = —:N‘

8.  Consider the arithmetic sequence 27, ... ,-3,-9, ... ,

(a) Find the number of terms in the sequence. <_/n =1

(b) Determine whether —42 is a term of the sequence. Explain your answer.

(a) aF+ W0 o) = -] by 2Febb)= -t
n- = 2b -bu+§ = -—67

= "jf' n: hf m‘l’ a r-{rﬁvc Tﬂiyr
S B e I B T
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9. In the arithmetic sequence 172, 164, 156, ..., O = R = -3
(a) how many positive terms are there?

(b) Find the first negative term.

(o) VFr+ n-) (-§) > o ) —ﬁ,;,‘- MJA—]%VL Aoy
G -fnt 370 - Tos
1§07 &n = Pt (3-0)EE)
2:)«-5 7 N - —\t
o e s v rs“(‘ﬁvl- Tevims

10. The 7th term and the 20th term of an arithmetic sequence are 4 and —22 respectively.
(a) Find the first term and the common difference of the sequence.

(b) Find the 13th term of the sequence.

(&) (M'bcl=\{- chy Tz = 1b~+1x X (-2
o+t (4d = =2 - -3

ga|v1w3 , o= “o ; d=-2

11. In an arithmetic sequence, the 6th term is —57 and the sum of the first 2 terms is —186.

(a) Find the general term T, .
(b) Which term is 39?

(e) a+bd=-5F W G gao ey =]
a+o6-+d=—Rb w= &
2a d - -84 Cl) T gﬁ

a - -1, d=§
Ta= =7+ -1 - §
= XY\’WX
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B. Properties of an Arithmetic Sequence

Property 1
If 7, T,T, arethreeconsecutiveterms of an arithmetic sequence, then
TV\"’(’T:\= T"‘T"“‘l T :T;z—l-i_T;Hl‘
! 2
P Tu- = 2
Property 2 Tt e T“
A sequence is an Arithmetic Sequence if the terms are selected at a regular interval from an Arithmetic
Sequence.
i~ | R 2 e
Example: ,l%’ }’ /r ( :1-/ j ' %’
2, 12,2, KTuce- KT+ )
Property 3 = \‘Ta,‘ \‘T. = kL “T) = kd
If 7,, T,, T;, ... isanarithmetic sequence with common difference d, then kT, +c, kT, +c, kT +c, ...

is also an arithmetic sequence (where k and ¢ are constants) with common difference ‘EA .

Example
12. If 2-3b, 5-b, 5+2b are three consecutive terms of an arithmetic sequence, find the value

of b.
F-b- (>-3b) = §+=b- (-b) df(zfm ton )
2+ 2b = 2

b=2%

13. Given that 31, a, 4a—83, 4+2b is an arithmetic sequence, find the values of @ and b.

a\-}\ - La-%2 - a LH'Pb" (fa-%3) - ‘-ta-XS - Qa
1»—(:1 = -J
b= b

G = 2b
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14. TItis given that logx,

R"5(’— ,Qh X = Q/vj (Xx1) - fp)‘
JZ-) K‘f'S

H

12
X

e

hSaa\)

o

t-b< b-a= d

log6 and log(x+5) is an arithmetic sequence. Find x.

36: Xl‘f‘\’){
0~ X>+ix-3b
X= % or =5 (mj)

15. Suppose a, b, c is an arithmetic sequence with common difference d. Complete the following

table below in terms of d.

Sequence

Arithmetic Sequence?

Common Difference (if exist)

a+10,b+10,c+10

\(e,s

d

—2a,-2b, -2c

Yes

—d

T _ T \
.-\b TR = JC— 30D

Ja. 5. e

No

/

Sa+1,5b+1,5¢c+1

Yes

5d

b—Cc= a¥v=—d
¢, b,a

Nes

-d

1.3 Geometric Sequence

A. Concept of Geometric Sequences

Definition:

A geometric sequence is a sequence having a common ratio between any term (except the first term)

and its preceding term.

Example of a Geometric Sequence (or in short form G.S.):

X\ xy
A
2,10, 50, 250, 1250, 6250,

Ve

x§

x5 xJ

Common Ratio = +{

Note that the common ratio may be positive or negative, but not zero.
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Example

16. Determine whether each of the following sequences is a geometric sequence. If it is, write down

its common ratio.

Sequence Is it a Geometric Sequence? Common Ratio (if exist)
8, 16, 32, 64 Yes 2
1 1 1 1 1
27 47 87 16 Nes — 2
Asxgs. > 5 5 5 5 5 Xes l
2 2 6 18 < N
37 57 257 125 ¢S T
2, -4, 8, 16 N /
AL
X xo2 x4
Class Activity
Consider a geometric sequence with the first term a and the common ratio .
T=a
T, =ar

T,= QY= ar”

n-\

T,=_0xr

n

The general term of a geometric sequence is given by

n—1
I =ar",

where a is the first term and 7 is the common ratio of the sequence.

Xh 2 ﬂrs

16. Given a geometric s€quence 4, 12, 36, 108, ....
(a) Find the gefieral term 7,

(b) If the kth term of the sequence is 2916, find £.
-
(&), a=% ,r=3 (b) 4.3 =591

T.- 43! 34 - 3]

Example

U“\) ’Q"S > -
SalE
k-

0»3 :l’al
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17. How many terms are there in the geometric sequence %, —%, 3,...,-192?
3 wal
= () = M odd

™ n-\ s
o g =

G By = Ly Gt) X

L AR
1> By = Bgieny
w-i =y
n==6
18. Suppose the geometric sequence 162, ..., % has 8 terms.

(a) Find the common ratio of the sequence.
(b) Find the 5th term of the sequence.

2 AR
(&) b v = >3 e Ty= 1b2(3)
S U =92
v >l&‘[
N
Y= 3

2 nd(fims = > \Av\\ruaow\s > 2 egvalims

K 19. The 2nd term and the 5th term of a geometric sequence are 6 and 108 respectively.

(a) Find the first term of the sequence. 16>
(b) Find the 9th term of the sequence.

(a) 0¥z b b T3
avt= (b2 - (2) - >_3X
((_“; - Ofrl - >3 = (3>
v>=>%
r=3
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* 20. The 3rd term and the 7th term of a geometric sequence are 36 and 2916 respectively.

(a) Find the first term and the common ratio of the sequence.

(b) Find the 6th term of the sequence.
(I-,) whow v 3

(@) =30 -y
A(‘r’%lb - () T, o= %3t o= 1%1
Wn v=-3

()
TR
’ T - foyT= -1
=13 b

n= 3 =r>= Y

21. The sum of the first term and the 2nd term of a geometric sequence is —2, while the sum of the

4th term and the Sth term of the sequence is 54. Find the 8th term of the sequence.

LL
QA+ Ay = —E—()—)_- T;:——IT
alltr) = = -~ (1) V= -3
o+ av = by a= |

O\Y;QH‘V) :S\f () TX - ‘,(—3)%: —L\XT

22. Let a, be the nth term of a geometric sequence. It is given that a, =2 and a, =8. Find the

greatest term in the sequence which is smaller than 10°.

aA=22
re Tv(zk ‘m/*""’
. fc

3—‘¥W_‘ - \oi ﬁ
w-
Lf L Joson _ ;1’:“)_&
(w-n) Q»3‘f < Kng Joooo
ne ¥-Ro %y
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22. Let a, be the nth term of a geometric sequence. It is given that 5a, =6a, and a, =36. Find

Smalleq
the geafte’s:‘;erm in the sequence which is greater than ﬁ ib = a:i
¥
=T
}G . (i )V\'\ > _L__ - Y‘%\«‘lvt)‘ /va\
b (o0
£ e, = Ty
( b o) 3 boo _ b 3wy
(n—~\)f,$£b> Do = - )
) 2bos 3 = o.0on§
Q’ - ,Q.S —6
“"\ < ) ;()°° ‘
n< by gny
rdut T %"‘J‘z‘?b’
23. TItis given that 10, 50, 250, ... is a geometric sequence.
(a) Find the general term 7, of the sequence. f /‘
(b) Find the greatest value of # such that the sum of the nth term and the 2nth term is less than
80400. N
W an v
w—\ \r = (5 )
@ Tas lo-§ N .
w=l | 7 wou
(hy  e-§ [o- & ¢ ¥eYoo

4
o g T le T ¢ Jooo \

W “W_ 4, Z
X + & qu o _)o\\/”o
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B. Properties of a Geometric Sequence

Property 1

If T(n-1), T(n), T(n+1) are three consecutive terms of a geometric sequence, then

[T =T(n-DxT(n+1). T o)

“Tw-) ‘ Tw)

Property 2

A sequence is a Geometric Sequence if the terms are selected at a regular interval from a Geometric

Sequence.
2 \0/ ¢°I 74-0/ ‘)40/ 6‘40
Example: !
T T T
Property 3

If 7(), T(2), T(3),... is a geometric sequence with common ratio », then k7'(1), kT'(2), kT (3),... is

also a geometric sequence (where £ is a constant) with common ratio r

Example
24. If 8k, k+ 1, 2k are in geometric sequence, find the possible value(s) of £.

k- 13

A It L
sk ket k3 o -3
kot 2k = bk

(X\L‘-— b\(.—\ -9

25. If 4,10 —r, —10r is a geometric sequence, find the common ratio.

Jo=¥ —lor

LQ o=V
\eo - Yo+ ¥ = —\(“o\/

Yl-i' >V tloo = o

V=
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' Ca

\

T\

26. Suppose a, b, c is a geometric sequence with common ratio 7. %- = % =Y
Complete the following table below in terms of 7.
Sequence Geometric Sequence? Common ratio (if exist)
—8a, —8b, —8¢ \(¢S r
a-5b-5.c¢c-5 No /
Ja, \b. e Nes Ir
a, b, c’ ‘(u v 3
- % - ¢, b, a Yes JF
I 1 1
e Yes *
Y\’Pk 5, 5%, 5° Ekfz Xc.\’ No /

27. It is given that a, b, c are three consecutive terms of a geometric sequence. Show that loga’,

logh®, logc’ are three consecutive terms of an arithmetic sequence.
b e I ¥ L AT
L'\,: t =Y ‘) 3 ﬂ"} . S
=3 (/Qr) =)
= 3 ﬁ»jf
y _ 3 <.
Lac ’Q")\’ '3LQ~§»)’3Q'SV

28. [Itis given that that a, b, c are three consecutive terms of an arithmetic sequence.

Show that 2¢, 2", 2¢ are three consecutive terms of a geometric sequence.

b-a- ¢-b= d
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29. Suppose p, 9, g are the first 3 terms of an arithmetic sequence and p, 6, g are the first 3 terms of
a geometric sequence, find the value of p”+¢”.

b . 5
SR N
A ek e
S & :P_
-

30. Suppose &, 4, k form a geometric sequence and &, 4, 4 form an arithmetic sequence, where 4 and

k are non-zero real numbers. Find the values of / and £.

Lok W V= hGhb)
WY 2h = bl (b= 2h™ uh
\Lt‘\\ﬁ W= ah- Yo

h- i oo
mhow h= &, ks ¥

he v = -3

Summary

1. Arithmetic Sequences

® An arithmetic sequence is a sequence in which there is a common difference d between two
adjacent terms. (7, =7, ,=d forn=2,3,4,...)

® For an arithmetic sequence with first term a and common difference d, its general term is:

I =a+(n-1)d, where n is a positive integer.

2. Geometric Sequences

® A geometric sequence is a sequence in which there is a common ratio » between two adjacent

terms. ( Ly =r forn=2,3,4,...)

n-1

® For a geometric sequence with first term a and common ratio 7, its general term is:

T =ar"", where n is a positive integer and 7 #0.
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20.4 Applications of Arithmetic and Geometric Sequences

Example AS > d=
31. In a supermarketsCans of soft drink are stacked in a total of 15 layers. Each layer, except the top

layer, has 4 more cans than the layer above it. It is given that there are 38 cans of soft drink in the
9th layer counting from the top.
(a) Find the number of cans of soft drink in the bottom layer.

(b) Which layer, counting from the top, has 30 cans of soft drink?

(ay a+ (3-9) Y= 3} by bt G-y-§= 30
a=b n=(= b
veguiv ok m,tf o “:1}-
= (>+ C‘S’\) L}

= ba

32. Yannie spent $200 000 to buy a car at the beginning of 2011. The value of the car depreciated of

2011. The value of the car depreciated at a constant rate of 12% per year. Let § P, be the value of

S 2 v (-(>])= o8
the car n years after the beginning of 2011. & r= Q [)—-/)

(a) Express P interms of n.

n

(b) At the beginning of which year will the value of the car first fall below $40 000?

(0‘) ‘Pv\ = DDoaoa X a,%% X °~XX w = 290002 X O—XX
e T
a rv/\'\
(b) 200000 X 0.8 < Vosoo

2 8N e o2
Y\&/-) °‘&2 < R/so').

n 7 >3
- k‘(‘ “H-A Mﬂ"ﬂ/\h‘(g f‘— \‘;1—»\ gap,(

S Wl | X1 bﬁ?“w‘“j & )o,,]g
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33. In an organization, the amount spent on project 4 in the Ist year since the start of the project is
$5x10° and in the subsequent years, the amount spent is 7% more than that in the previous year.
It is given that the amount spent on project 4 in the 3rd year i{[‘ $7.2x10°. (‘W‘f’l =Y 2. 3
(a) Findr. 2o (>])= |-
(b) The amount spent on project B in the same organization in the 1st year since]h\e start of the

projectis $3x10° and in the subsequent years, the amount spent is 44% more than that in
the previous year. It is given that the two projects 4 and B start in the same year. In which

year will the total amount spent on projects 4 and B first exceeds $2.8x107?

(®  fx % Gt pl)™= Foxo’ ! ‘« Taeandit
N e
= 20

%

8|
> 2.8 X |o

(h) Ix lo? X -\ “ e Yxle Lx (-2

3x (12" Ex (2" 2§ \ /

\LHf * -2 \/)_K

N " -8
3x(.2") + bx (2" - bodr >0

12" ¢ - 4.} ij) o 1277 28
n> \‘rAblth
~. n ‘f‘v— (>‘|l'\ u&.w
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