CHAPTER 19 LINEAR PROGRAMMING SECONDARY 5

Chapter 19 Linear Programming
Supplementary Notes

Name: ( ) Class:

19.1 Linear Inequalities in Two Unknowns

If the linear inequality contains two unknowns, it is called a linear inequality in two unknowns.
For example, x> y+2, y<x are linear inequalities in two unknowns.

An ordered pair (x, y) that satisfies an inequality in two unknowns is a solution of the inequality.
Consider the following ordered pairs:
A4, 1), B(3,-4), C(4,0), D(1,4)
Solutions of y>x+1: Cl-Y.9) ( DU N
Solutions of y<x+1: A—(Vy DI B (-—31‘\(')

In fact, each inequality has an infinite number of solutions. And all the solutions of a linear inequality

in two unknowns can be represented graphically.

Consider the graph of y =x+1. It divides the coordinate plane into two regions.

| | | | y

4 4 D
Solutions of VIJ 7, K+)

Upper half plane

Boundary
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Lower half-plane

B Solutions of \/J < x|
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Since the solutions of a lineagthequality in two unknowns can be represented by one of the half-planes,

we can choose a test point (which does not lie on the boundary) to check whether the half-plane
>y, Jxﬂ"v\ L‘w.

containing the test point represents the solutions of the inequality. 5 ¢ > it A
7/ ¢~

Solutions of y<x+1 Solutions of y>x+1
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When the boundary is not a part of the solutions, it is drawn as dotted line.

Solutions of y<x+1 Solutions of y=x+1

y y

. . (
4 4

( \

oW

:x+/ \ \ :)k‘+1

I\J\<l~'

AN

-4 -4

\Vhen the boundary is a part of the solutions, it is drawn as solid line.
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Steps

Example:

Solve the inequality y—3x>1 graphically.

1. Draw the straight line y—3x=1
>, <: Draw the dotted line.

>, <:Draw the solid line.

2. Choose a test point (0, 0) and check
which half-plane represents the
solutions of the inequality.

* In fact, we can choose any point
that does not lie on the boundary as

the test point.

y—3x=1
X -1 0 1
y -2 l Y
el v

v

/ —4
/
Test point (0, 0):

Shade the half-plane that
y—3x contains / does not contain
= o 306 ) the test point (0, 0).
= 0O
a
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Example
1. Solve the following inequalities graphically.
(a) y>x-4
o>0°o-{ ;
/Y=t
2
/
1 /
— D X
-3 -2 -1 1 2 4
L+
-2 /
7 /
-3
]
47
/

(b) —dx+7y>28

~ Nt %) == { ﬁ//“?’k*ﬂ -{
~4(0) + o) <> 7 /

/4
>

W
IS
|
w
b
|
—

-1

-2

-3
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2. Ineach of the following, the shaded region represents the solutions of an inequality.

Write down the inequality.
(a)

The required inequality: .84

(©)

//,

®

(e) /xfw) 73

The required inequality: O(‘('Zb) 7/ g

(b)
Yy

54

4

~ Y= 3

D

The required inequality: 3] €3
(d)

\

The required inequality: X v 7 - 5

()

7/ /(01\)

[)

7%
f

The required inequality: VR 3K
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19.2 Systems of Linear Inequalities in Two Unknowns

To solve a system of linear inequalities in x and y, we have to find all ordered pairs (x, y) satisfying all
the linear inequalities.
Consider the following system of linear inequalities in two unknowns:
y23x-5 & () v
2x+y<6 & (o0,9)V

Overlapping Region

Eui»k

Example
3. In each of the following figures, shade the solution region of the given system of linear

inequalities in two unknowns.

@ x<4 ) y=>2
a
y<5 xzy
Y Yy
x=4
6—“ 5_\
gl y=s L 4
4 3
3 2
24 1
14 T T T T 7%
- - 1 2 3 4 5
D > 71
-1 1 2 3 4 5

© x+y=1 x20
x—y<2 (d {y=0
y x+2y<6
34
Y
>4
9] xX+2y=6
-3 -2 -1 1
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y<2x+3 .
Steps Example: Solve graphically.

x=2y=>1
Draw the two straight lines correspond to y=2x+3
the two inequalities: X -1 0
y=2x+3 y

| 3

x-2y=1 x—2y=1
Add arrows on the boundaries to indicate x 1 3
which half-plane represents the solutions of y 4

each individual inequality.

Shade the overlapping region of the two
graphical representations. It represents the

solutions of the system of linear

NXw

N

inequalities. /
T 4 — ,./ >
/ ,//_2 \ \
«HNEUEA
/ (N
S
Example / \ \

4. Ineach of the following, shade the region that reﬂ'ésg'ret(s

x+2y<4
(a
3x+y=>2
Cx+2y=4
X -4 0 4
Y1
yA 0
3x+y=2
-1 0 2
Y1
____________ XD S S

4(-4zu)=9

Thzg solutions of the system of inequalities.

Y
\/Tfu
\ s
DG
\\
~
BN >{x
5438210\ 2734 5
HAE=SAN
A N
Ly V.
. -
AT —

r\ ;'x’%"): 2
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x—-2y>6
®) {x—2y<4
w  Colitiom 3‘l
o | oV A(V\g/ YLB(M
i d.
1
~ g X/AI
2 1 1 2 3 4 5 6 b
1 —rt fkn.\j,
yd
N\ N
N
XYY /
y—=2x<4
(¢) 3x+y<5

y=2 O(,‘_V):S / .j,))(‘:,&(.
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/;41;3[ 2’2 (DH'{(V-L )

x—y+1<0
) x>y—1 A\ «/;vf[,, \3/3{1‘/ % 3!
............. S ST S V2 B
N/
Vi .
v ’ v
\;*
< |/ .
/ o /:X
/
N
/ |
-
x=—l

_____________________________________________________________________________________________________________________________________

x+y<I10

_______________________________________________________________________________________________________________________________________
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5.

shaded region in the figure.
(a)
W .
'/A % %: *
7 % |
%
T 4L | %p
y =-4 | =
|54 | —
X #-1 x=
The required system of inequalities:
4>
A7)
xcg
(c)

The required system of inequalities:

z?ﬁb) 70
\W‘*YV) < 20

\ 2\379(

In each of the following, find the system of inequalities whose solutions are represented by the

(b)

The required system of inequalities:

j?}?\?‘fﬁ

{40/0

(d)

The required system of inequalities:

>)
vx—‘) VARS
Fx 3 <2
X 70
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19.3 Introduction to Linear Programming

A. Linear Functions in Two Variables

Consider the following function.
P=2x+y

The value of the variable P depends on both values of x and y and the degree of x and y are both 1.

This kind of function is called a linear function in two variables x and y. In general, linear functions

in two variables are in the form P=ax+by+c.

To represent the linear function in two variables x and y graphically, we can draw the graph of

P=2x+y for different values of P. Suppose the graph of 2x+y =0 is drawn.

4
3\
P=2x+y=0

1

V)‘ "L%‘f|c 1 2 3 4
X1,
JX'{'V) = k -1 T \]/r
ramk\c,\ Linae
x¥. 7\11

How does the value of 2x+y change as the graph of P=2x+y is

P increases /)decreases

decreases

(1) translated to the right?

(i1) translated to the left? P increases

Prepared by KC CHU | 12



CHAPTER 19 LINEAR PROGRAMMING

SECONDARY 5

Consider another linear function in two variables xandy P=3x—y.

Suppose the graph of 3x—y =0 is drawn.

'/

Y V)¢4

3

b): ‘77(_\‘

P=3x+y=0

’;x'v)—f\(

r”*\lu\ Lines

4("\\, Y

How does the value of 3x—) change as the graph of P=3x—y is

(1) translated to the right?
(i1) translated to the left?

P increases)/ decreases

P increasds / decreases

In general, for a linear function P=ax+by+c,

a>0

a<0

Translate the line

rightwards

ax+by+c=0

Value of P increases

Value of P decreases

Translate the line

leftwards

ax+by+c=0

Value of P decreases

Value of P increases
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B. Linear Programming
Linear Programming is the study of finding optimal solutions under some constraints.
For example, P=2x+y 1isa linear function in x and y. If the values of x and y are restricted, then

the value of P will also be restricted. Each restriction on the values of x and y is called a constraint.

Constraints Maximum and minimum value of P (P =2x+y)

Mex- —> ’XT/‘?T when x=“[-,|1=3
y<3 M. r;:.x\(-(-)ﬂl
=2 min. 5 A ‘74/ whin x=3, 7:|

24x¢h

\5353

mia. > 2xax| = [
Consider the graph of P =2x+ y =0 again. Draw the feasible region of the above constraints.

= &

v

\
P=2x+y=0

r\ / i

N

U / / v y

-2 \

K= 2 X\t _
When the straight line shift to the right in the feasible region, the value of P (ulresst s

P attains maximum when the line shift to the Y\(Slﬂ'w..s"' position in the feasible region.
[ 4 1

When the straight line shift to the left in the feasible region, the value of P ég Cre S .

P attains minimum when the line shift to the QC’H'wﬂ’ position in the feasible region.
. |
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Steps

Example: Fiqh/the maximum and the minimum values of the
function P=x+2y subject to the following constraints:

x+y=>1
2x—-y<3
x20
y<2

Draw and shade the region that satisfies the

constraints.

On the same coordinate plane, draw the line_|

x+2y=0. X+ 1\/): k ’K‘\"L\r)

/

BN

Translate the line x+2y=0 to the
ris&i within the feasible region to
-2 -1

find the ordered pair (x, y) at which P
attains its maximum. -
Translate the line x+2y=0 to the ™

Q‘:h: - within the feasible region to / X ‘Hf)‘- ‘
find the ordered pair (x, y) at which P /

- Xty 2|
attains its minimum. {
Lak=y= 3

We can test the values of P ertices of

the feasible region.

The vertices are

Ploc)) =042

—

2

P(o,\.) = 0+ 2-2=

Y N
f(3,-3)=$+>(3) "3
3 >
F(;{ :—) = —'>+=")-\ 2
wu\x,\]> (/f_ win, P ‘E
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6. In each of the following, find the maximum and minimum values of the linear function P in the

Example
shaded region.
L i)
P=
@ P22 5 ey
J
s
_~I\_
‘ > x
-2 2 4
2 x+2fy~=\9\~l
0, = ‘
ble3) Max. r=6
?(\fl°) = \f' -
" ": —\f
P(-20) = —2
PLe/—>) = d\('
(c) P=x+y
i
2
)
\ 4
_'ﬁ‘l\;%_ N\
. N
N K1Y = \

AN Lins ’X‘t\/j =\
Tl A Fon F A vght
LN T P

D oatfms mex, o Yoy

wex - P = ktl =]

Tromshdt i fim - e Reft
e il o,

P offans i AT (—><0)

w-“\ \7 = —‘)—‘('O = -2

%o P
(b)y P=—x+y h . r/]«
y
A
4
ad
ARa
-
R
P11 = 2 . P b
P(=2N) = b Min. p =
P(zcy) = | -
(d P=-3x—y

Y
R

P-,%) = -3¢-)-y = -

PO = =3-]= =Y
P(3,3)= 33-3=-I*
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Example
7. (a) Draw and shade the region that satisfies the following constraints:

x+y<10
3x=2y=>0
y=2

(b) Find the maximum and the minimum values of the function Q=-6x+) subject to the

constraints in (a). ZX /u’] -2

/

/N

/

b

Oy QD

O\
=

N\
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1X-'? =8

8. (a) Draw and shade the region that satisfies the following constraints:

2x-ysg XY=t 9 Pay G
x22 xat= T P // J g
y<l1 gt = -8 | X

o 2 13 X

(b) Find the maximum and the minimum values of the function P=3x+y subject to the

constraints in (a). P(2-Y)= - = 2 € min.
P(2>VU= 6+1=7%

P(Si.l): = +|° _’é &~ Max.

3x+y>3 lj/ 21X~ E:B

2x-y<6 i n

ys2y <§(\LJ§,>) (,\h:)})/‘):;
A} | y-Wif \l/ 2 Q\ /JJ/

;va) =3 = >

| 3 | X
zx—j =b 3 —b -A/(;Q

(b) Find the maximum and the minimum values of the function P=2x—-3y—6 subject to the

constraints in (a).

Py = 37¢7°
F(_YH—,: X"(}"B

2 b ¥
r(ﬂi_/"—f): % +ij’ ~b - T = wmex

—3Y
iy miw.
3 &

"
[
<
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CHAPTER 19 LINEAR PROGRAMMING

10. In the figure, the shaded region represents the solutions of a system of inequalities.

(a) Write down the system of inequalities.

zx~\) 7 -
wxﬂ\/) L\

zX’BjéB

40») —“xv\'fvx/rs
(b) If (x, y) is an integral point in the shaded region, find the maximum and the minimum

value of B=x+y subject to the constraints in (a).

B (D(\{) = \” < WX'
B(>e) = 3
B(_\({—\e/ = -y <€ wn

BCy—) =
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11. In the figure, two straight lines Li and L intersect at A(3, 5). The y-intercepts of L1 and L, are 7
and 3 respectively.
(a) (i) Find the equations of Li and L.
(i1)) Find the x-intercept of L.
(b) Write down the system of inequalities whose solutions are represented by the shaded region.
(¢) Find the maximum and the minimum values of P =3x-2y subject to the constraints
obtained in (b).

y L,
@) o L, VJFS _ 3

xX-3 o-3 h

—3\)—1- (= ax -4

?—X‘t%\—)-t\:a /3é
=

L
-3 3-J 1
L, - —g—/—: <

X— 3 o-23

(;bj‘(‘\\‘— = —ZX—(-L

?.X.”;\) -(—i - o
@RV ;l,u—t w:o ‘(ﬁt L., X= — , '7(-7‘41- -2
(h) X7 o ¢ ]b (see)= o

7 o
zxﬂ»)«z\ <o

zx‘)vy}”\?/o (S - %
P(3.5) = =
M AX. F, fé
Miw ]?: ._|°
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12. The straight lines L, and L, intersect at (6, 7). The y-intercept of L, is 4 while the slope of

L, is g . Let R be the region (including the boundary) bounded by L,, L, and the y-axis.

(a) Find the equation of L, and L,.

(b) It is given that R represents the solutions of a system of inequalities. Write down the

system of inequalities.

(c) Find the maximum and minimum values of 3x+2y—19, where (x, y) is a point lying on R.

L)_:gj:%
Xx-6

(e) F: anzv—wg
F(“r \(') = =\
PCor-3) » 2§ & M

[)(/(0/'_“,): (} <& weX.
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13. The equation of the straight line L, is 7x—8y+95=0. The straight lines L, and L, are

. . . 11 . .
perpendicular to each other. The x-intercept of L, is 5 while the slope and the y-intercept

of the straight line L, are % and 10 respectively. Let D be the region (including the boundary)

bounded by L,, L,, L,,the x-axis and the y-axis.

(a) It is given that D represents the solutions of a system of inequalities. Find the system of
inequalities.

(b) Suppose (x, y) is a point lying on D. Find the constant & such that the maximum value of
—Sx+6y+k is98.

:'_ - —° .\'_1 b _\_ix"r

(9 Mu= 3% 1, - 27—;' 5 by » Y=73 o
- 2 -

"My, = ? :).,,):._m‘_q.\f z\),x-f-w

ZX‘!‘—:)W)* L(-\‘. =3 xX-= \\—-(-2'0=0

X—f\n’t V\—-CVT"'

- g

:(wa»)#\x:« l){l %
— y =0 -\ _ 4y
£ 3“')“’ A\l = =
X~ 2.\/)"(‘9'5:‘3 —>9 | e
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L YA R
ptl

(b//‘b)s/ ’X-z\j—f)«a:o

lo

(°f°) \/9(
&xﬂxﬁ—tww
O, K3+ 70
3rx-X\) +4v 7+
&X‘fj{\jﬁ-\-\-\@ 7o
<o
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19.4 Applications of Linear Programming

Linear programming helps us solve problems involving maximization or minimization of some
quantities under certain constraints. For example, it is used in many sectors to maximize the profit or
minimize the cost with limited resources.

In general, we can follow the procedure below to solve these problems.

om- MSA‘ﬁuL 7 'r° srive
(Tncude o)

Remark: In real life situation, x and v are usually restricted to non-negative real numbers or

integers.
3. Draw and shade the region that satisfies all the constraints on a coordinate plane.

1. Identify the unknown quantities and represent them by letters, say x and y.

2. Identify all constraints and express them as inequalities in terms of x and y. J

Express the objective function in terms of x and y.

Find the maximum (or minimum) value of the objective function subject to the constraints.

Example
14. A certain food company produces x kg of chocolate cake and y kg of lemon cake every day. The

cost of producing 1 kg of chocolate cake and that of lemon cake are $50 and $100 respectively.

The company produces the cakes under the following conditions.

1. Atmost $2000 is used to produce these two kinds of cake every day.
2. The total weight of these two kinds of cake produced per day should not exceed
30 kg.

(a) Write down the constraints for x and y.

(b) Draw and shade the feasible region of the constraints obtained in (a).

(c) The profits made from selling chocolate cake and lemon cake are $80/kg and $120/kg
respectively. Find the weights of the two kinds of cake should be produced per day in order

to obtain the maximum profit. What is the maximum profit?
AT 29 < Yo
(2 fox + [00\/) < 2900
Aty £ 3o
-
«jz 9
)y P= Fox+ 1z
Ploe) = o P(;go)
P Lor29) = o p (0,10)

\!

”\fe" /D T T

0\ 2 ¥ >X
10 20 ?3'5\ )6\
),Xob Z

S M- ?V‘%t = $ ),XQ ° Prepared by KC CHU | 24
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15. The person-in-charge of a travel tour hires two types of coaches A4 and B to carry 75 tourists and
120 suitcases.

Each coach A4 can carry 15 passengers and 40 suitcases. Each coach B can carry 45 passengers
and 60 suitcases.

Suppose the person-in-charge hires x coaches 4 and y coaches B.

(a) Write down all the constraints on x and y.

(b) Draw and shade the region that satisfies the constraints in (a) on a coordinate plane.

(¢) The costs of hiring each coach 4 and each coach B are $800 and $2000 respectively.

Someone claims that the cost of hiring coaches can be less than $3500 if all the tourists and
suitcases are carried. Do you agree? Explain your answer.

/

O

(&) 'k') AR o - wgy i
Tuﬂ'ty/«s
5% %5y 7 A
ko + boy 7 P

y

Iy

Ce) C= X%’X-l-)OOo?

H_
.
N
.
A

C(o2) = (TR
C(\-v) {85
C(2t) = 3boo
acse) = Yoo

Lo Min L»\sj = *3‘»@ , 7§30

. uﬂ Comst b Qoo Thea 43300
2. “’kk C\Mw\ D) 5“8'@)‘
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16. A carpenter wants to make x tables and y chairs in a month. The amounts of materials and

manpower required for making a table and a chair are shown below.

Wood plank Manpower
Table 6 units 4 man-days
Chair 2 units 2 man-days

Suppose the carpenter has 24 units of wood planks and he can work at most 20 man-days a month.

(a) Write down all the constraints on x and y.

(b) Indicate the solutions that satisfies the constraints in (a) on a coordinate plane.

(c) Assume all the tables and chairs can be sold. The profits from selling a table and a chair are

$2000 and $800 respectively. How many tables and chairs should be made in order to

maximize the profit? What is the maximum profit?

(a) /)(,(7 0oL V"W - 1\25«"):(\4 ?v“h?/rs

b~ ).p) < L\f

Hx-tl‘/)éh
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(c). I’: YoooX —f 8003 |

P (o, lo) = 802 Y
P(k(( 0) = X“” B
F(l( b) - 82“" \

F(o/o) =0 : ‘\
L e Yu:(’r(, - %880 : ®

o2 s and b ety :
el b mada

v

Prepared by KC CHU | 27



