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Chapter 19 Linear Programming 
Supplementary Notes 

Name: ________________________________ (   )        Class: ________ 

19.1 Linear Inequalities in Two Unknowns 
If the linear inequality contains two unknowns, it is called a linear inequality in two unknowns. 
For example, 2x y  , y x  are linear inequalities in two unknowns. 
 

An ordered pair (x, y) that satisfies an inequality in two unknowns is a solution of the inequality. 

Consider the following ordered pairs: 

A(4, 1),  B(–3, –4),  C(–4, 0),  D(1, 4)  

Solutions of 1y x  :  ________________________________________________________ 

Solutions of 1y x  :  _________________________________________________________ 

In fact, each inequality has an infinite number of solutions. And all the solutions of a linear inequality 

in two unknowns can be represented graphically. 

Consider the graph of 1y x  . It divides the coordinate plane into two regions.  

 
 

: 1L y x   

Boundary 

Upper half plane 

Lower half-plane 

Solutions of _______________ 

Solutions of _______________ 

21-4 , 0)
,

DS1 , 4/

A (4 , 1) ,
B(- 3 .

- 4)

XD

y3X+1

xA
C

X

X
B

y = X+/
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Since the solutions of a linear inequality in two unknowns can be represented by one of the half-planes, 

we can choose a test point (which does not lie on the boundary) to check whether the half-plane 

containing the test point represents the solutions of the inequality. 

Solutions of 1y x   Solutions of 1y x   

  
When the boundary is not a part of the solutions, it is drawn as dotted line. 

Solutions of 1y x   Solutions of 1y x   

  
When the boundary is a part of the solutions, it is drawn as solid line. 

 
 

1y x   1y x   

1y x   1y x   

10 ,01

L

* dottedtea

"Ill II"

i'll
III
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Steps 
Example:  
Solve the inequality 3 1y x   graphically. 

1.  Draw the straight line 3 1y x   

  ,  : Draw the dotted line. 

  ,  : Draw the solid line. 

 

3 1y x   

x –1  0 1 

y    

 

 
 

Test point (0, 0): 

3y x  

_____ 3(_____)   

_____  

2.  Choose a test point (0, 0) and check 

 which half-plane represents the 

 solutions of the inequality. 

 * In fact, we can choose any point 

 that does not lie on the boundary as 

 the test point. 

 

 

 

 
 
 
 
 
 
 

Shade the half-plane that 
contains / does not contain 
the test point (0, 0). 

-214

-

E
o G
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Example 
1. Solve the following inequalities graphically. 
 (a) 4y x   

 

  
 (b) 4 7 28x y    

 

   

y = x - 4

-0 >0 - 4

-
y = X - 4

.-
-

-0
X
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 (c) y x   

 
  
 (Vertical Lines / Horizontal Lines) 
 (d) 3y          (e) 1y   

        
 (f) 4x           (g) 0x   

       

·
X =k-
↑/2 =3

XXz
- -
- -T --
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2. In each of the following, the shaded region represents the solutions of an inequality.   
 Write down the inequality. 
(a) 

 

The required inequality: __________________ 

(b)   

 

The required inequality: __________________ 

(c)   

 

The required inequality: __________________ 

(d) 

 

The required inequality: __________________ 

(e) 

 

The required inequality: __________________ 

(f) 

 

The required inequality: __________________ 

x4 y
=3

y
= 1 - X x+3y)

- 3

-x
+247/3

O-C0 , 1) .

-

x+27 =3

x+27/3 y
> 3x
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19.2 Systems of Linear Inequalities in Two Unknowns 
To solve a system of linear inequalities in x and y, we have to find all ordered pairs (x, y) satisfying all 
the linear inequalities.  
Consider the following system of linear inequalities in two unknowns: 

3 5
2 6
y x
x y
 

  
 

 
 
 
 
 
 

Example 
3. In each of the following figures, shade the solution region of the given system of linear 

inequalities in two unknowns. 

  (a)  
4
5

x
y


 
 

  

  (b)  
2y

x y


 
 

   

  (c)  
1
2

x y
x y
 

  
 

  

  (d)  
0
0
2 6

x
y
x y


 
  

 

   

Overlapping Region 

= Co , 0) v L A
E 10 , 01v

Feesible L

A
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Steps Example: Solve 
2 3
2 1

y x
x y
 

  
 graphically. 

1.  Draw the two straight lines correspond to 

 the two inequalities: 
 2 3y x   

 2 1x y   

2 3y x   

x  1  0 
y    

2 1x y   

x  1 3 
y    

 

 

2.  Add arrows on the boundaries to indicate 

 which half-plane represents the solutions of 

 each individual inequality. 

3.  Shade the overlapping region of the two 

 graphical representations. It represents the 

 solutions of the system of linear 

 inequalities. 

Example 
4. In each of the following, shade the region that represents the solutions of the system of inequalities. 

(a) 
2 4

3 2
x y
x y
 

  
 

2 4x y   

x –4  0 4 
y    

 3 2x y   

x –1 0 2 
y    

I 3

8 I

/

,

-
X

x+24- X

X

X

420 -

X

-

↓
-

5 2 - 4 ↑x- = 2
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(b) 
2 6
2 4

x y
x y
 

  
 

  

(c) 
2 4

5
2

y x
x y
y

 
  
 

 

 
 

no solution.
No overlapping region.

↑
↓

X X

A x
↳

x-

2y
= 6

=4
x-2y X

↓

x+y
= 5

, y
-2x = 4

/2

·
/
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(d) 
1 0

1
3

x y
x
y

  
  
 

       

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(e) 
10

2 4
2

x y
y x
y

 
  
 

 

  
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 

 

E Coblique) .

# Int , y-Int
y

= 0 X = 0 ↑ x-

y + 1 = 0

-> Y

↓
/

↓ y = 3.

Iy

+
o

>
x

/
*
⑪

->

X = -

- Xint = 10 , y-int = 10

=> X int = -2
, joint = 4

as y
=zx+4

"X S

4

↑ ↑
y

= z

2

>
X

22 *

Xx+y = 10
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5. In each of the following, find the system of inequalities whose solutions are represented by the 
shaded region in the figure. 

(a)   

 
 The required system of inequalities: 
 
 
 
 
 

(b) 

 
 The required system of inequalities: 
 

(c) 

 

 The required system of inequalities: 
 
 
 
 
 

(d) 

 

 The required system of inequalities: 
 

 
 

-> [ ->
A

y > X+3
.

y = x+3

↑ ↑ T

->
->

t

↳ S y
>x +3

*70

-
* 2

L

↑ ↳ ↑
↑

x -X x - X

2x+y >0 -
[4x+5y[20 S7x + 3y = 21

2y
> X X70
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19.3 Introduction to Linear Programming 
A. Linear Functions in Two Variables 
Consider the following function. 

2P x y   
The value of the variable P depends on both values of x and y and the degree of x and y are both 1. 
This kind of function is called a linear function in two variables x and y. In general, linear functions 
in two variables are in the form P ax by c   . 
 
To represent the linear function in two variables x and y graphically, we can draw the graph of 

2P x y   for different values of P. Suppose the graph of 2 0x y   is drawn. 

 

 
How does the value of 2x y  change as the graph of 2P x y   is  

(i) translated to the right?    P increases / decreases 

(ii) translated to the left?    P increases / decreases 
 
 
 

2 0P x y    

/m

y
=-2x + 1

↑

2x+y
= k

j
M

* +, y9

parallel lines.

xd
, yd
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Consider another linear function in two variables x and y 3P x y  . 
Suppose the graph of 3 0x y   is drawn. 

 

 
How does the value of 3x y  change as the graph of 3P x y   is  

(i) translated to the right?    P increases / decreases 

(ii) translated to the left?    P increases / decreases 
 
 
 
In general, for a linear function P ax by c   , 

 0a   0a   
Translate the line 0ax by c    
rightwards 

Value of P increases Value of P decreases 

Translate the line 0ax by c    
leftwards 

Value of P decreases Value of P increases 

 

3 0P x y    

xd y9
1

y = 3x
- k 1

3x-

y
= k

parallel lines T T

Xt , yd
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B. Linear Programming 
Linear Programming is the study of finding optimal solutions under some constraints. 
For example, 2P x y   is a linear function in x and y. If the values of x and y are restricted, then 
the value of P will also be restricted. Each restriction on the values of x and y is called a constraint. 

Constraints Maximum and minimum value of P ( 2P x y  ) 

4
3
2
1

x
y
x
y


 
 
 

  

 
 
 

Consider the graph of 2 0P x y    again. Draw the feasible region of the above constraints. 

 

When the straight line shift to the right in the feasible region, the value of P ________________. 

P attains maximum when the line shift to the ______________ position in the feasible region. 

When the straight line shift to the left in the feasible region, the value of P ________________. 

P attains minimum when the line shift to the ______________ position in the feasible region. 

2 0P x y    

2[X ? 4
mex.

-> XT
, y 1 when x = 4

, y
= 3

max. P = 2xy + 3 = 11E
18y = 3 min. -> Xd, y d when X = 2

, y = /

min. P = 2x 2 +1 = 5

-> t

↑ ↑

↓

- E

I
↓ y = 3

y = /

X= 2 X =4
increases

rightmost
decreases

leftmost
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Steps 

Example: Find the maximum and the minimum values of the 
function 2P x y   subject to the following constraints: 

1
2 3

0
2

x y
x y

x
y

 
  
 
 

 

1.   Draw and shade the region that satisfies the 

 constraints. 

 

 

 

 

2.   On the same coordinate plane, draw the line 

 2 0x y  . 

3.   Translate the line 2 0x y    to the 

 ___________  within the feasible region to 

 find the ordered pair  (x, y) at which P 

 attains its maximum. 

4.   Translate the line 2 0x y    to the 

 ___________  within the feasible region to 

 find the ordered pair  (x, y) at which P 

 attains its minimum. 

5. We can test the values of P at all vertices of 

 the  feasible region. 

The vertices are 

 

 

 

 

 

 

 

 

 

 

P(x, y)

↓

2x- 2 = 3

j
X =

I
X = 0

↑
- 2x-

y =3

(0 ,2) J

↓ (5
,
2)

↓

*+y = k Xtzy = 0 10 , 1)
f

y
= 2

right X

(3, -5)
A

X X

T

left- X+y= 1

->

3
↑ (0, 1) = 0 + 2 - ) = 2

P10 ,y = 0 + 22 = 4

↑ (E
,

-3) = 1 + 2(-3)
= 3

↑(
,
2) = E + 2. 2=

max . P = E min
.
P=
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Example 
6. In each of the following, find the maximum and minimum values of the linear function P in the 

shaded region. 

 (a)  2P x y   

 
 
 
 
 
 
 
 
 

(b)  P x y    

 

 (c)  P x y   

 
 
 
 
 
 
 
 
 

 

(d)  3P x y    

 

to , PM to , Pd

to
,
Pd +2 , PA

P(0 , 3) = 6 ↑(-1 , 1) = 2 max. P : 6

↑(4 , 0) = Y
max. P = 6

p( -2
, 4) = 6 min. p = 1

min p = -4 ↑(2, 3) = 1 .

-)( -2
, 0) :

-2

P(0 , -2) =
-4

x+y
= 1

Add the line X+y
=/

↑ ( 1 , 4) = 3) - 1) - y = +
Translate the line to the right
within fessible region,

P(1 , 1) =31 =4

↑ attains max, at (4 , 1/ P(3, 3)
=3 - 3 - 3 = - 12

max . P = 4+ 1 = J mex. p = - 1

Translate the lime to the left. min p .
= -12

within fessible region,

↑ attains win at 1-2,0)

min P = -2to = -2
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Example  
7. (a) Draw and shade the region that satisfies the following constraints:     

 
10

3 2 0
2

x y
x y

y

 
  
 

 

 
(b) Find the maximum and the minimum values of the function 6Q x y    subject to the 

constraints in (a). 

 
 
 
 
 
 
 
 
 
 
 

3x -

2
= 0

X S

X

x
(4

,

6)

↑ ,
Ill , 10 .24

I
X Y = 2

(
, 2) .

Y

↓
x+y

= 10

& (4 , 6) = - 6 . 4 + 1 = - 18

& (5
, 2) = - 6 . 5 + 2 = - 6

& (8 , 2). = - 6 . 8 + z = - 46

: max . d = - 6,

min d =
- 46.
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8. (a) Draw and shade the region that satisfies the following constraints: 

   
2 8

2
1

x y
x
y

 
 
 

 

 
 
 
 
 
 

(b) Find the maximum and the minimum values of the function 3P x y    subject to the 
constraints in (a). 

 
 
 
 
 
9. (a) Draw and shade the region that satisfies the following constraints: 

   
3 3
2 6

2

x y
x y

y

 
  
 

 

 
 
 
 
 
 
 

(b) Find the maximum and the minimum values of the function 2 3 6P x y    subject to the 
constraints in (a). 

 
 
 
 
 
 

 

 

2x- y = 8

↑
2x-

y
= 8

Y/ ->12
, 1)
(2 , 11

X-int = 4 ↓ ↓ y = 1

y-int = -8 >
O

2
4 X

(2 ,
-4/

- 8

A ->

X= 2

↑ (2 , -4) = 6 - Y = 2min .

↑ (2 , 1) = 6 + 1 = 7

↑ (z
. 1) = E + 1 = Et max .

Yx 2x-

y = 6

A ↑3 (55 , 2) (Y, 2)
&

X-int. y-int. ↓ 2 ↓ y = u

3x+y = 3 I 3 I
>
X

2x-

y
= 6 3 - 6

- 6A y
e

3x+y
=3

(5 ,
-)

P (5 , 4
= = - 6 - 1= min .

↑ Ly , 2) = 8 - 6 - 6 = -Y

↑(5 , -5) = y + 3 - 1= max.
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10. In the figure, the shaded region represents the solutions of a system of inequalities. 
(a) Write down the system of inequalities. 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) If (x, y) is an integral point in the shaded region, find the maximum and the minimum 
value of B x y   subject to the constraints in (a). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2x- yy
- 4 I

S 4x+ 34 = 12
E

10 ,/V

2x- 3y = 6 ↑
(3, 0)

E
(-4,-4/

↑ (-3
,
-4)↓

29
x,- integers (-E

,

-5)

& 10 , 41 = Y < max ,

B (3 ,
%) = 3

B1-4 ,
-y) = -8 min .

B 2-3,
-4)

= -7
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11. In the figure, two straight lines L1 and L2 intersect at A(3, 5). The y-intercepts of L1 and L2 are 7 
and 3 respectively. 
(a) (i) Find the equations of L1 and L2. 

  (ii) Find the x-intercept of L1. 
(b) Write down the system of inequalities whose solutions are represented by the shaded region. 
(c) Find the maximum and the minimum values of yxP 23    subject to the constraints 

obtained in (b).       
          

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) (i) 2 : y
- 5

=

- -5

X - 30- 3 X
-> ↓

-

3y + 15 = 2x -d

2x + 3y - 2 = 0

↑ ↑
↳: = 3-5 -> L

0- 3 ↓

-

3y + 15 =2x+ 6

2x-

3y +9 = 0

(ii) put 4:0 into L ,
X= E

, x-int=

(b) X30 (4) p(0 , %) = 0

S yo ↑ (0 , 3) =
- b

2x+ 3y -210

2x -

3y + 970 ↑( , ) = >

↑ (3 . 5) = -1

max. p = $

min . p = -6
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12. The straight lines 1L  and 2L  intersect at (6, 7). The y-intercept of 1L  is 4 while the slope of 

2L  is 5
3

. Let R be the region (including the boundary) bounded by 1L , 2L  and the y-axis. 

 (a) Find the equation of 1L  and 2L . 
 (b) It is given that R represents the solutions of a system of inequalities. Write down the

 system of inequalities. 
 (c) Find the maximum and minimum values of 3 2 19x y  , where (x, y) is a point lying on R. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) 21 : Y= ↳: = 5

2y
- 14 = x- d 3y - 2) = 5x- 30

X -

zy
+ 8 = 0

5x -

3y - 9 = 0

X-int. y-int.
x-

zy + 8 = 0 -8 4

5x - by -9 = 0 f -3

X-2y+ 8=0

↑ ↑
(b) X-24 + 030 - 60 .

71

S 5x -

3y - 9-0 4

X3 o >
x

4
-8 5

(c) p = 3x +2y
- 19 -3

P(o , 4) = -11 ↑
->

↑ (o , -3) = -25 E min
5x -3y

-9 =s

P(6 ,7) = 13 < mex .
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13. The equation of the straight line 1L   is 7 8 95 0x y    . The straight lines 1L   and 2L   are 

perpendicular to each other. The x-intercept of 2L  is 11
2

 , while the slope and the y-intercept 

of the straight line 3L  are 1
2

 and 10 respectively. Let D be the region (including the boundary) 

bounded by 1L , 2L , 3L , the x-axis and the y-axis. 
(a) It is given that D represents the solutions of a system of inequalities. Find the system of 

inequalities. 
(b) Suppose (x, y) is a point lying on D. Find the constant k such that the maximum value of 

5 6x y k    is 98. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) my = = 22: ↳: y = Ex + 10

min= 7y = - 0x - 44 2y = X+ 20

8) x + 7y + 4y = 0
X -

2y
+ 2 = 0

X-int
. y-int.

95
7x-

8y+ 95=0 - J

8x+7y + 4y = 0 -I -
X-

2y +
2 = 0 -2 10
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y ,
7x - 8y + 95= 0

95

- J

↓ ↓
X-

zy + 2 = 0

150 , 10)

(-5,

T

_

95

-

cod = ↑
=
(2) (0 , 0)

>
X

(-9 ,4)

↓

=

T

8x+7y + 44 = 0

(b) X-

2y + 2070

S 7x
- 8y + 95%

8 x+ 7y+443
X10

yo

(c) P(x ,y)
=

-5x + by+ k

P(0 , 0) = K p7 5 , E = zo + k

↑ Co , 10) = 60+k p ( -9 , 4) = 69 + k

↑ (2
, %) = E + k

= mex . P = fo +k = 98

k= 28
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19.4 Applications of Linear Programming 
Linear programming helps us solve problems involving maximization or minimization of some 
quantities under certain constraints. For example, it is used in many sectors to maximize the profit or 
minimize the cost with limited resources. 
In general, we can follow the procedure below to solve these problems. 
1. Identify the unknown quantities and represent them by letters, say x and y. 
2. Identify all constraints and express them as inequalities in terms of x and y. 

Remark: In real life situation, x and y are usually restricted to non-negative real numbers or 
integers. 

3. Draw and shade the region that satisfies all the constraints on a coordinate plane. 
4. Express the objective function in terms of x and y. 
5. Find the maximum (or minimum) value of the objective function subject to the constraints. 
 
Example 
14. A certain food company produces x kg of chocolate cake and y kg of lemon cake every day. The 

cost of producing 1 kg of chocolate cake and that of lemon cake are $50 and $100 respectively. 
The company produces the cakes under the following conditions. 

1. At most $2000 is used to produce these two kinds of cake every day. 
2. The total weight of these two kinds of cake produced per day should not exceed 

30 kg. 

 (a) Write down the constraints for x and y. 
 (b) Draw and shade the feasible region of the constraints obtained in (a). 

(c) The profits made from selling chocolate cake and lemon cake are $80/kg and $120/kg 
respectively. Find the weights of the two kinds of cake should be produced per day in order 
to obtain the maximum profit. What is the maximum profit? 

 

non-negative- positive

d (include0)

x + 2 = 40
x+y

= 30

(a) 50x + 100 y -
> 2000 &

S x+

y
= 30 x+2y

= Yo

X-, o ↓

y o

(c) P = 80x+ 120

y
↑ (0 , 0) = o P (30, 03 = 2400

↓

↑ (0, 201 = 2400 p (20 , 10) = 2800 L

: max. profit = $2800
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15. The person-in-charge of a travel tour hires two types of coaches A and B to carry 75 tourists and 
120 suitcases.  
Each coach A can carry 15 passengers and 40 suitcases. Each coach B can carry 45 passengers 
and 60 suitcases. 
Suppose the person-in-charge hires x coaches A and y coaches B. 
(a) Write down all the constraints on x and y. 
(b) Draw and shade the region that satisfies the constraints in (a) on a coordinate plane. 
(c) The costs of hiring each coach A and each coach B are $800 and $2000 respectively. 

Someone claims that the cost of hiring coaches can be less than $3500 if all the tourists and 
suitcases are carried. Do you agree? Explain your answer. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) X. y
are non-negative
-S integers -15x +y5y375 -

40X + Goy 7, 10 Y -
(2) 2 = 800 x + 2000

y
-X

C (0 ,2) = 4000

( (1 , 2) = 4800

C(2. 1) = 3600

Clbio) = 400

: min
. cost = $3 , 600 ,

>$3500

: cost cannot be less than $3500

: the claim is disagreed .
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16. A carpenter wants to make x tables and y chairs in a month. The amounts of materials and 
manpower required for making a table and a chair are shown below. 

  
 
 
 
 

Suppose the carpenter has 24 units of wood planks and he can work at most 20 man-days a month. 
(a) Write down all the constraints on x and y. 
(b) Indicate the solutions that satisfies the constraints in (a) on a coordinate plane. 
(c) Assume all the tables and chairs can be sold. The profits from selling a table and a chair are 

$2000 and $800 respectively. How many tables and chairs should be made in order to 
maximize the profit? What is the maximum profit? 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Wood plank Manpower 

Table 6 units 4 man-days 

Chair 2 units 2 man-days 

(a) X, y
are non-negative integers

S 6x+ 2y[24
4x + 27520
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Y
(e)

. P = 2000X + Good 12

↑ 10 , 10) = 8000 17

10

4) 14 , 0) = 8000
9

P(2 , 6) = 8800
8

↑ 10 , %) = 0 7

: max. profit = $8800 6 (2, 6)
j

-- 2 tables and 6 chairs
Y

should be made
3

2

&

X
8 & 2 3 Y 56


