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Chapter 12 Introduction to Vectors
Supplementary Notes

Name: ( ) Class: F.5

12.1 Concepts of Vectors

A. Scalars and Vectors

® Some quantities can be described by magnitudes (numerical values) alone, such as temperature,

length and time. These quantities are called $CA|ov'S

® Some quantities have to be described by both magnitude and  Jiyeafim , such as
displacement, velocity and force. These quantities are called vu—\_w
/ Y Y /Y
X X — —_—

X
XY Yx
B. Representation of Vectors

A vector is represented by a directed line segment.

X

The figure shows a vector from an vV Tl 0\\ point X'to a ‘('Qrvq"mal point Y.

—_— —
This vector can be denoted by XY, u or u. x‘f ‘;
,

3

Its magnitude can be denoted by ‘X—Y u| or M |ﬁ |

C. Equality of Vectors and Negative Vector

Two vectors are equal if and only if they have the same Maah Tide and the same
divedion /

The negative vector of u has the same magnitude but in the opposite direction of u. It is denoted by

—u.
Y 0 N
S . -
u \J V= M PQ: XT
r
X P R r= -4\ ﬁ: - ?&

Prepared by KC CHU | 1
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Example
1 The figure shows a square ABCD. Determine whether the following sentences are correct.

_ — —S — -~

(a) AB=CD X AB: PC AR = - D - B

(b) AB=AD X 1

(c) |4B|=|cD| v —>t+t——¢

U gt & ag, 0
SN
D. Zero Vector and Unit Vector ()
A vector with o magnitude is called a zero vector is denoted by 0. Zero vectors do not
have any specified direction.
A vector with magnitude | s called a unit vector, i.e. u is a unit vector when |u| = | and
. . A
is denoted by u. W
12.2 Basic Operations of Vectors
A. Addition of Vectors
C
\%
y >
B
— — —
Definition: AB = DC Kf) = B
Triangle Law of Addition Parallelogram Law of Addition
D
-
A >
B
AB+BC=AC AB+AD = AC

M b= A
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B. Subtraction of Vectors / - D diecfion o - b_;
C — - = A—E - (&
g R
- = = <+ (- AC
b Ac = b p_f? -
- A2 T CA
> = =
A a B = CA AR
—_—
= (B
Subtraction of Vectors
C
b CB=a-b
>
A a B

Example
2. Inthe figure, ABCD is a rectangle.
(a) AB+BF +FD
SN -
= AF + F>
—
= AD

Express each of the following as a single vector.

A B

(b) AE-CE-BC -
= AE +Fct CB ¢

:I-‘;E-Q'C)B:AAB

3. Inthe figure, ABCE is a parallelogram. Express each of the following as a single vector.
(a) AB+AE+CD A B
- - —3
= AB+pPC t¢

- —_— —
=Ac+tcep = AP

(b) CE—CA+AB £
:ﬁ+ﬁ+%
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C. Scalar Multiplication of Vectors and Parallelism

Definition:

It is given that a is a non-zero vector.

(1) Ifk> 0, then the direction of ka is the same as that of a, and the magnitude of ka is k times
the magnitude of a.

i.e. |ka|=Fkl|a|.

(i) If k<0, then the direction of ka is opposite to that of a, and the magnitude of ka is —k times

the magnitude of a.

ic. [ka|=—kla

(iii) Ifk=0, then ka=0.

.. oA a . . . e
¥ (iv) a= H is a unit vector which has the same direction as a.
a

Example
4. Inthe figure, express b and ¢ intermsof a.

— —
b= 32
2 C
SN -
¢ = 24
b
>
a
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Properties of and scalar multiplication of vectors:
For any vectors a, b andscalars A4, u,

(@) A(ua)=(Ap)a= u(Aa)

(b) Afwa=Aatpua

(c) A(atb)=Aaxib

Two non-zero vectors a and b are parallel if and only if b= Aa for some non-zero scalars A.

In particular, for three distinct points 4, B and C, if BC=14B ,then 4, B and C are collinear.

N Re 1/ AR
3 P Ae = 33 <

- —
\ D é;\g:cb

R c A
Example PE = L”\E

5. In the figure, ABCD 1is a rectangle. E is a point on AD such that DE = 44E. Let CD=u and
BD = v. Express the following vectors in terms of u and v.

| N
(a) BC t

A E
= BD + DC

V]

1

\/
<
-4
i€
sl
)
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6.

r~
>

(e
o

In the figure, D is the mid-point of OB. C'is a point on AB such that AC: CB=1:2.Let OA=a
and OB=Db, express OC and CD interms of a and b.

M= fRtok= ~ath
[_\2: 5'\'9: é?—ia

—_ —_—
5C = of+ AC

24 i
= %Z\-f-";?

DAP: Js—o):ji—g 1 =N  a

S @+3--33-3r4b- 1b-53

In the figure, R is a point on OS such that OR : RS =3 : 1 and M is the mid-point of AR.

AP // OS and OS =34P. 1t is given that AP=p and AQ=q. S
(a) Express AR in terms of p and q.

(b) Express MP in terms of p and q.

) &<k o FH
- 0= %7 - Q A
AR = R§+&TZ‘:9§+ ik
Y — —a
M- 4= 58+ 37
o= MA+ AP = — AW+ AP

11
|

"
\b' e
o
—L a"‘zl'
|
N "._@;'t
AL
—vl
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8. In the figure, ABCD is a rectangle. £ is a point on CD such that CE = 4DE. If A—D:p and
- - oy
AB=q, express SAE+2CA intermsof p and q. D 1) ¢
= — N
D= Ap = &
AT = fo+ PE =P+ 3 Dc = ff?%
RN A B
o= S RN — o
CA = CB+BA = —BC — B=,‘>-%

-

9. In the figure, D and E are two points on AB and AC respectively such that
AD:DB=AE:EC=2:1.Let AB=b and AC=c.
(a) Express DE interms of b and c.
(b) Hence prove that DE // BC and find DE : BC.
= > =
(a) PE = DAt AE
—_
—
- Mo+ KE
P
2> =
- BPCE-‘- 3
S
= S (c -b) = . =
3 DE = 3 B
- RN AN
s IDE| = S 1B
_ -V+C N
- Egéx DE: BC =23
= C - — 5
- DE
= 2 DE
2

- B(.. ” DT: Prepared by KC CHU | 7
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D. More About Properties of Vectors

Let a, b netwo non-zero and non-parallel vectors, and A, u be scalars.
(a) If Aa+ub=0,then A=u=0;
(b) Suppose 4,, 4,, u,, p, arenon-zero scalars.

If ZLa+ub=A4a+ b, then A4 =4, and y =p,.

Example
10. Let a and b be two non-zero vectors which are not parallel to each other.
If u=2v,where u=(5k—-1)a+(k—3)b and v=(5+3n)a+nb, find the values of k and n.

2 B -
2V = (Jotbw) & € 2nb

p—

W= N , [e+bW = 5";-\ 2N = \4—; L‘—h n=—]
sk-bw= 11 k-am=2

11. In the figure, OABC is a parallelogram with OA=a and OC=c. D is a point on OC such that
OD:DC=2:1.
(a) IfAE:ED=1:r AEEDB=1+, express OE interms of r, a and c.
(b) If OE =sOB, express OE in terms of s, a and c.
(c¢) Find the values of » and s.

~ 2 — 2
() oD —;o(, = 3G
—_~
= AR+ =-a* JC
= — D= — a * Cc
AE (—tr A (5r 2(1tv) 0
o a0 D E R
o - 0 T = = -1l .=, —7T
= Nt AT a+( =7 At 30w .
_S _ :S
c_ - 3
= = e (L) (v 3 (v)
r >
-~ . N v~ 3(ur
%) oRp = sPtAR - oR toc = A+ . )
KN IS Yy = —
0E=503=@@ 3
-
S=- 3 =
= ¥
I+ 3
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Recall: For non-zero vectors u and v, u is parallel to v if and only if , where k£ #0.
=> Itis given that u=¢gi+bj and v=a,i+b,j. u isparallel to v if

@ _h
a, b,

12. It is given that the vectors @ =2a+m(a+b) and RS =-3a+ (m—2)b are parallel, where a

and b are two non-zero and non-parallel vectors and m is a scalar. Find the values of m.
— N - —_
[’& = 20t WMa+ mb

-
= (m+) &+ wmb
—_
S Y- “Rj; Mt ™
‘ —> mM-2

e
M¥t3m—§ =o
(M1t %) m-1) =0

Mm>—Y% &

12.3 More About Operations of Vectors

A. Position Vectors

It is given that 4 is a point on a plane 7 . If we take any point O on the plane as a reference point, then
the position 4 can be represented by the vector OA.Thus OA is called the position vector of 4 with

respect to O.

Ao+ ob

b AB=0B—-0OA=b-a
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RN - —
Example of\ . ;Q ,OC, 0D

13. Let 4, B, C and D be any four points. Using position vectors with the reference point O, show
that AC+BD=AD+BC .

-5 — - —S —s —_ - —_ —_— — —_)
AC+Bd = As+oc+Bo+eD = Aetod < Botoc = Ap+De
()

B. Division of a Line Segment

Section Formula for Vectors

Q) If AP:PB=m:n, then p="2"P
m-+n

(ii) If Pis the mid-point of 4B, then p = a; b

Example

14. In the figure, B is a point on AD such that AB : BD =2 : 5 and C is the mid-point of 4D. The

position vectors of 4 and D with respect to O are a and d respectively. Express each of the
following in terms of a and d.

(a) OB
(b) OC
(¢) BC
~ :f -
(*) op = fat2 - %d
y+2 ﬁ
SEPEEEN SN
d =_ 1
b gt - 223 134l
—_\ — —
ce) )Q-: >+ 00 = —op + oC
— s —
- —13- Ed+ yar 3
a—
_ -3=> .37
- WA
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MD: PR= 2~ |
15. In APQR, M is the mid-point of PQ. D is a point on MR such that MD = 2DR. The position
vectors of P, O, R, D and M with respect to O are p, q, r, d and m respectively. >N
. - Ny
(a) Express m'm terms of p and q. °f . ;& coR 3D, oM
(b) Express d in terms of p, q and r.
-
~
w - Bt
2 Lo &
—
—S - 0t o ot©
Ro+ o = _f:_ P M
. =
= =3 _ ~3 2p P
T+M=- —=v+t7? Y“-% cb) PD:

— -+
e B¥ - 57+ 1 (E2E)
- _l:_—"
S AR i

16. In AABC, M is a point on 4B such that AM : MB =2 : 3. N is the mid-point of BC. O is a point
on AN such that AO: ON=4:3.Let AB=p and AC=q. c

(a) Express CO interms of p and q.
(b) Are C, O and M collinear? Explain your answer.

() Zf\-—-’f ) ™
- ) —~ > -
cB = chA+ A :-1—\' 4 3
R=1®: ip- 4T T

_ =
) 4 50%
- 2= Y
5P 7 %
C—‘j) = ifcf’\ N Co // C"" , Cio, M ave Ce“?mULr
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17.
0 ‘ - <
In the figure, OA=a and OB=b. C and D are two points on the lines 4B and OB such that
AC:CB=1:r, OD:DB=1:s and AT:TD=1:t.
(a) Express the vectors OC and OT interms ofa, b, r, sand ¢
(b) Express ¢ in terms of 7 and s.
-~
(s 2. Vbtra& ‘= ;—ID-\
(+r = (¥ & (—+v
—~ | ~ —\
D: — b= L7
1tS |—tS
—_ ~ SN
o7 = V- oDt T o + | B
= — A +
-+ 1 i+T (=+s) O+
b oo, C .
<b/ & T ot gollner.
~ 1
(+1 (1)
¢ - |
I~y =y
+ )
Yy =S
1 - LA
(g
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12.4 Vectors in the Rectangular Coordinate System

A. Vectors in a Plane

3
2__
Ix
j
S | 1
71 |
US| 2
"
Z )
Blecoeo . I(xy)
(] | o
0 A

The two-dimensional vector system consists of two perpendicular

unit vectors i and j.

»
MQ}WS—"WCLE =

If the origin O of the two-dimensional rectangular coordinate plane
is taken as the reference point for position vectors, then any

position vector can be expressed in terms of unit vectors i and j.

(2) OZ =xi+yj
(b) [0Z] =[x +?

() sind=—2—_ and cosf= al

\/x2+y2 1/x2+y2

If a=xli+y1j and ﬁ=x2i+y2j,then

- /llﬁ‘ﬂ W ﬁ’_\

AB = (x, —x)i+(y, — )i and  [AB| =\(x,~x) +(r—n).

15. Find PQ intermsof i and j for the points P(-6, 2) and O(-4, —8).

—
Example K: * UB
—_ SN P
op = -b7 -+J-)
R =-47- &

16. Express the position vectors of P and Q in terms of i and j.

P S Y —~3 —
P8 = (-¥40) T+ 825 = fo o

—3 —

T

-—

‘A 4 ‘ ‘.3 A
OF‘— 2G5 ) +zunb°j P
- - 2
RRRREY
60°
— _ ..“ . '_‘ 300 > X
o = - | Ces3¢ , - |§m3oj 0 L
- B> -
—
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17. Inthe figure, a is a vector making an angle of 30° with the positive x-axis and |a|=5.
(a) Express a intermsof i and j.

(b) If b isa vector in the same direction of a and |b|=6, express b interms of i and

; y
) Hints for (b): 4
Find the unit vector of a.
Unit vector of a =2 T
2| 2
30° .
O Ll
AN —s
(a) J

a - XC«»S)o'Tr-t I.dw)gj =

R —s J
i, £

]

(b) —\EZT x b =

_IL

1

a = 303 3

UT| e

)
]

18. Itis given that OA=2i+5j and OB=-2i+8j.

(a) Find the vector AB .

(b) Find the unit vector along the direction AB .
) N = — Y | t3 3

(b rL%xmk vecter
AB

(AR

= 1 n
,J(‘\‘“)L"‘SL

- L

= SAQ

= _S8T 27
I
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19. It is given that a=2i+(1—4)j and b=3i+1j, where A is a scalar. If a and b are parallel,
find the value of A. —

14 Q=2l+XJ
2 A-Y b = ;‘.-rllj
BA—\Ltzﬂ 3 = —
10\:[;
A= |2

20. Itis giventhat OA=i+j, OB=2i+3j and OC=+ki+2j.
(a) Find AB and express BC in terms of .
(b) Find the value of k if 4, B and C are collinear.
— — - =
(&) pdg:ﬁ-eoj;:‘f-%ﬂ

p—)

li;: l}o‘(“:_c‘,:

(k73
by AB /1 BC
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21. Itis giventhat OA=3i+2j and OB=-7i+3j.If Pis a point on 4B such that
AP :PB=1:2, find OP.

22. Itisgiventhat a=2i+5j and b=10i—j.

(a) Find [b—al.
<o
(b) Ifavectorcis opposite,\b —a and |c| =15, express ¢ in terms of i and j.
— . Y \7\ -
a —
=) b-a x 1) k) <

’T'o— (}T«?f)xw

T - o,
- 28Tk
= sz"('(.’b)}
’-’(L|+ﬁ"
= |o )
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23. Itis giventhat u=—-6i+9j and v=3i-5j.
(a) Find |u+v].
(b) Find the angle between u-+v and the positive x-axis correct to the nearest 0.1°.

(c) Ifavector p has the same direction as u+v and |p| =13, express p in terms of i and j.
q = - - N b
( ) u+v = —2,+ Lt J

[a’—f-v" = 16'3)A+\f1 - [ &"I \B

Lb) VQQ\ATV(’)\ 0\Mj|L = \§o' - —r"h_’ % T X
= (\—6-1‘
T FEw- Je

24. A(,-4) and B(-3,-2) are two given points.
(a) Find \E\.

(b) Find the angle between AB and the positive x-axis measured in anticlockwise direction.
(Give your answer correct to the nearest 0.1 °)

(c) OC is a vector which is in the direction of 4B and ‘%" =

Find the coordinates of C. o0C OW = ‘l - Léj o—é - 4;—7‘— 5
(o) AT‘B = (/E"\)T,‘f' (‘)—’(—\H)T [S—:g = §+°—€ = O_E‘O_A\
- =\
= - L\'—( -+ 2;) /\v)
B L C
e N L
NC S
r(%ﬂrl/\_ av5|¢ = 1§~ T‘W\_\%{- 2 o
834
. n == A
) oC'-'——"IEzJ;AB M)

1A

S0 = (-2, \) Prepared by KC CHU | 17
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B. Vectors in Space

(2)

(b)

(©)

(d)

(2)
(b)
(©)

z A
A c R
2_- \\\ ~
J N >~ P(a,b,c)
2, 1.3 3>
I & da"fb ) ¢ - T~
1 2 2 |2 a b < b
, AT 12 0 A%+ g

The three-dimensional vector system consists of three mutually perpendicular unit vectors i,

jand k.

The vector OP with starting point O and terminal point P(a,b,c) can be represented in the

form ai+bj+ck.

4B =

a, b and c are called the x-component, y-component and z-component of OP.
If OP =dai+bj+ck,then [OP|=va®+b*+c* .
Complete the following table.
Coordinates of P OP ‘O—P‘
(1,-2, 2) i-2j+2K J)? + (=27 +(2)* =3
(2,3, 0) -7+ 6 e+ 2% > = F
= _‘J
(6. -2,-1) 6% -7 9% L= 2>+ cy~ = 1|
=/
(4, —~. %) L“('J\ + 8k I 4> -+ &> = 7
. . 4
If OA=aji+bj+ck and OB=a,i+bj+ck, then A
s N A(al, bp C])
Ao + of
JEEN —- B(a,, bz: c)
op — D’\ S
= (G-a) T (a-b ] -k 0
Y

‘E‘ - J (Q" Ay )L_" ("» - b,)l-(- (- c‘,l

Mo A
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Example
25. Consider two points A(1,—2, 3) and B(4, 1, 0).

(a) Find \E\ .

(b) Find the unit vector which has the same direction as AB .

(a) AD = s?‘+sj—aL

26. Consider two points P(—2,3,1) and Q(1,0,-5).

(@) [PQ.
(b) Find the vector RS which has the same direction as PQ with |RS| = \/8 .

(4) I;a = ;f—%j—(;\‘

lm‘\ = J3‘4 3y~ (=b)” = 2 16

P—(& x Jb
IpQ)

—

P
,3_4

\

¢b) Bo

= wl
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Let p=aji+bj+ck and q=a,i+b,j+c,k betwo non-zero vectors. Then
(i) p//q if and only if there exists m =0 such that p=mq.

(i) p//q ifandonlyif A=l

a, 6

Example
27. Four points A(l, 3, 5), B(2, 6, r), C(, m,-2) and D(2, 5, 8) are given. If AB//CD ,

find the values of m and .

AB = (z—u*‘+(6-3)j‘ 4 e-0F
=T -f? -+Qr~x)r

= (0T 'f' (X’M)J 'f(&-(-?—)t

=7+ (‘pvn)J‘—r;o‘,:

28. Three points A(5, 2, 7), B(2, 1, 3) and C(8, 3, 11) are given. Determine whether A, B and
C are collinear. AB

- YR -L

b= —e—:?‘;—(- &F

2=y—w -3 =

VV\:)— (:‘\r

o
oo
"

L

~
o
"

29. It is given that the points P(l, m—7, n), O(0, m—2, 5) and R(2, 17, 5Sn—2) are collinear.

Find the values of m and n.

PR= T (Y- m)7+ (¥n-2)F
Qﬁ = 7:]-\—(-&(3~W\)j‘+ (SM‘:").E

R Sl I

2 19- wm 2 \YV\/3

19w = Lf —2wn v - 3 = - y
W\:pj hn = ——‘
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