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Chapter 3 More About Trigonometric Functions (3.4 – 3.6) 
Supplementary Notes 

Name: ________________________________ (   )        Class: F.4 _____ 

Finding Area of a Triangle 

Area of the triangle 1 sin
2

ab x=  

 
 
 
3.4 Compound Angle Formulae 

Class Activity 

The figure shows OLN , where M is a point lying on LN such that OMN  is a right angle. 

Let LOM A =  and MON B = , then LON A B = + . 

1. Express each of the following in terms of p, q, r, A and B. 

 (a) Area of ____________________LOM =  

 (b) Area of ____________________MON =  

 (c) Area of _____________________LON =  

 
2. Consider ‘Area of LOM +  Area of MON =  Area of LON ’ 

  
 
 
 
 

sin( ) sin sinq qA B A B
r p

+ = +  

3. Express q
r

 and q
p

 in terms of trigonometric ratios. 

 
 
 
 
 

 
 

a

b

x 

Isides + included <

Sinx = t arc = E . b . h h

h = asin x
= E . 6 · asinx

7

=I . a . b · sinx

t .

p
.

g
.

sin A

E . g . r . sinB

t p
- r . sin (A+B)

[PqSinA + [ grsinB [prsin (A
+B)

pr pr

=> Sin (A+B) = sinACosB + CocAsinB

= cosB = GSA.
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Compound Angle Formulae 

sin( ) sin cos cos sinA B A B A B+ = +    sin( ) sin cos cos sinA B A B A B− = −  

cos( ) cos cos sin sinA B A B A B+ = −    cos( ) cos cos sin sinA B A B A B− = +  

tan tantan( )
1 tan tan

A BA B
A B
+

+ =
−

     tan tantan( )
1 tan tan

A BA B
A B
−

− =
+

 

 
Example 
1. Find the value of sin15  in surd form. 
 
 
 
 
 
 
 
 
 
 
 
 
 
2. Find the value of cos75  in surd form. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 30  
6
 
 
 

 45  
4
 
 
 

 60  
3
 
 
 

 

sin  
1
2

 
1
2

 2
2

 
  
 

 3
2

 

cos  3
2

 
1
2

 2
2

 
  
 

 1
2

 

tan  
1
3

 3
3

 
  
 

 1 3  

 

sin 15

= sin 160° - 45

= Sin 60 cos 45 - 20160 sin 45:

= 5. -[

=
56 - J

4

Os 75
: & 67,190

- 15%
= Cos (30 + 45%

= sin 15.

= Cos 30
:

G545 - sin 30 sinxf
·

=-
55 - Jr

=

4



sin (A +B)
tan (A+B) =

Cos (A +B)

= (sin
A CosB + CosAsinB

(
Cos A CosB

CosA CosB-SinAsinB
( (

CsA CsB

=
tanA + tanB

1 - fanAtanB
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3. Find the value of 7tan
12
 

 
 

 in surd form. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1
1 a




 

 
 
 
 
 
 
 

1
a b




 

 
 
 
 
 
 
 
 
 

7= x 180 = 105 = 60 + 45

Rationalization of denominator
I 1- Ja

tan (F) 1 +Ja 1 - Ja

= tan ( + = ) I

1- Ja

12-15a1
= tan + tan

=
1- Ja

1- tan· tanFy 1- a

1 + 53

x =
5 + 1 Ja-Jb

1 - 53
·

1 + 3 52 56 ja-5o
(53 + 1)2

=
Ja - Th

=

1 - 3
[Jas"- 1Jo,

=
3+ 253 + 1

=
Ja- Je

-2

a - b

= 4 + 253
-2

V = - 2
- 53
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4. Simplify cos( )cos sin( )sinx y y x y y   . 
 
 
 
 
 
 
 
 
5. Prove the following. 
 (a) sin( )cos cos( )sin sin 0A B B A B B A      

 (b) sin costan
4 sin cos

A AA
A A

      
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A B A B

= Cos (xy +y)
= CsX

(a) L .H
. S. (b)

.

L .H.
S.

=Sin (A+B-B) - SinA = fan A-tan

= sinA-sin A 1 + fanA tanF
= 0

= tanA-1
= R . H

.
S.

1 + tanA

= SinA-
1 +

SinA

GsA

sinA-cosA CosA
I X

Cos A CosA + SinA.

=

Sin A- 35A

SinA + cosA -

= R.H
.

S.
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6. Let sin( ) 3cos( )x x    , where cos 0x   and 
2 2
    . 

 (a) Prove that 3 tantan
1 3tan

x 






. 

 (b) Hence solve the equation sin 3cos
4 4
          

   
, where 0 2   . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hint of (b): Consider the equation. 

_____x  , ________   

T

O -

(a) Sin(X+ 1) = 3 Cs(X - X)

sinxcosh+ cosxsind
=

3 coxcosd + 3 sinxsind

cosXcosd CosXCos &

tanx + tanx = 3 + Stauxtand

taux-stauxtand : 3-tand

tanx (1-3 tanx) = 3-tand

3-fand
tanx =

1- Stan&

cbs put X = 0 .
d = -E into (a)

tand =

3-tan) - )
= = I

1-3kan),
A

=For S A

T C

= o
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3.5 Double Angle Formulae 

By considering the compound angle formulae, express each of the following in terms of sin A  and 
cos A . 

1. sin2A          2. cos2A 

 _________________________      _________________________  

 _________________________      _________________________  

 _________________________      _________________________  

 

3. tan 2A  

_________________________  

_________________________  

_________________________  

 

Double Angle Formulae 

sin 2 2sin cosA A A  

2 2cos 2 cos sinA A A   

   22cos 1A   

21 2sin A   

2

2 tantan 2
1 tan

AA
A




 

We can also express 2cos A  and 2sin A  in terms of trigonometric ratios by the double angles. 

2 1cos (1 cos 2 )
2

A A    and  2 1sin (1 cos 2 )
2

A A   

 These two formulae can be used to reduce the powers of trigonometric ratios. 
 

sin (A+ A) Cs (A+ A)

sin A CosA + CosAsinA CosACosA-sinA . sinA

2Sin A cosA Cos2A - sinA

= CosA - 11-CosA

= 2CosCA-1
tan (A+A)

tanA + tanA = 1 - sin-A-sin-A

1- tanA ·tanA = 1 - 2sin2A

2Fan A

1- tan: A
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Example 

7. It is given that 2sin
5

   and   is an acute angle. Find the value of each of the following 

without finding  . 
 (a) cos  and tan  
 (b) sin 2  
 (c) cos2  
 (d) tan2  
 
 
 
 
 
 
 
 
 
 
 
 
 

8. (a) Prove that 21 cos 2 tan
1 cos 2

A A
A





. 

 (b) Hence, solve 1 cos 2 2 tan 1
1 cos 2

A A
A


 


 for 0 2A   . 

 
 
 
 
 
 
 
 
 
 
 
 
 

55
(a) cosO = j , tand = 2

10+
2

I

cbs
sinze (a) 2020 (d) tanzo

= zSinO cosD
=cos20-sinP =

stand

=2 .5
= j - 7 1- tan28

= -3
I ,

= F j

=

= E

2A- > A

A

(9) 1- (l-usindA) = remove 1 in denominator and numerator

L .H . S
.

=

1 + 22054A -14
(b) tan > A = <tanA-1

= 2sin2A

2Cs"A taniA-2tanA + 1 = 0 x2= 2x + 1 = 0

= fan2 A ItanA-1)
=

= 0
(-1) = 0

X = 1
= R.H . S tanA = /

A= E or+ F
A= o
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9. (a) Prove that sin cot
1 cos 2

 




. 

 (b) Hence, find cot
8
 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

10. (a) Prove that 1 cos 2 tan
sin 2

x x
x


 . 

 (b) Hence, prove that sin 4 (1 cos 2 ) tan
cos 2 (1 cos 4 )

y y y
y y





. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hint:  
sin2 2sin cos     

______________________ 
 

2cos 2 1 2sin    

______________________ 
 

= = &
Sinc = 2sinGlos

(9) L .H .
S

. =
2sinase =

1-11-2sin)

= 2
sintas Cost = 1-2sinI

2sin"
= cot? (b) art =S1 - 5

52 + 1
~V = 5

-15 +

=
= + 1

(a) LH .
S

.

=
1-(l-2sin2x) (b) Let. s .

= Sin4y (1-Cosay

2sin X Cos X Coszy (1-cos4y

I
2sin2X = Fanzy (1-cosay

2sin x CoX cossy
= tanx = Cosy C1-cosyas

cocry
= 1-cos2y

sinzy
= tany
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11. Prove that 
 (a) 3sin3 3sin 4sin    ,    (b) 3cos3 4cos 3cos    . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
12. Prove that tan tan 2 1 sec2A A A  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

* Triple Angle Formula
A sing

L .H . S. fi CosO L-H : S .

= sin 30 = Cs38

= sin (20+ 0)
= Cos (20 + 0

= sin20GsO + CS2P sing = Cos2RC050-sin28 sing

= 2 sing cos2O + 11-2sin20) sind = (2Cs-1) CoSO-2SInIPCOSO

= 2 sinO (1-sin2O) + sinD-2sin3O = 26538 - CosO-2(1-Cs)CsO

=asinO-2sinO + sind-2sin3O = 2Cos38-cosO- 2020 + 2 cos30

= 3 sin8-4 sin? O = 46530 - 368

L .H . S
.

= FanA .

2Fant R . H . S .
=A

1-fanzA
+1

ItanA + 1 - YanA
I

1- tanA

1 + tan? A
I

1-tan A

=
SecA

1-tan >A

I
I

CosA (1-tanA)
I

=

CosA-sin-A

I
>

CoSzA .
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13. Suppose 0
2
  . If 3tan 2

4
  , find the value of tan  without finding the value of  . 

 
 
 
 
 
 
 
 
 
 
 
 

14. It is given that 1cos
2

    and n is a positive integer. 

 (a) Prove that 2cos 12cos 1
2cos 1



 

 


. 

 (b) Hence, prove that 1 2cos(2 ) 1(2cos 1)(2cos 2 1) [2cos(2 ) 1)]
2cos 1

n
n   


 

   


. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

tanp > o

stand = -
& tang = 3-3 targ Let y : tand

Stang + Stamp-3 = 3y"+ By - 3 = 0

(Stand-1) /tanp + 3) = 0 (3y -1)(y + 3) = 0

tanc = - or tanc = -3 Crej .) y = = w
-3

2Gs48+/ 22588 + 1
2Gsui-1 = 220s40-1 =

2 Cog2 + 1 2w> 48+ /

(a) R .H . S. concellation

=
26528 + /

(b) L.H . S,

2 CosO + 1
2 Cos 20+ / 20540+12680+/

-

= 2(2CsO - 1) +1 2650 +1 26520 +1 26540+ 1

--

2CosP + / 26s(20) + 1

=
42548 - 1 26s(2" 8) + 1

23sP + 1
=
2Gs(2D) + 1

=Cos + 1) (2C50 - 13 2GsO + /

26s0 + /

= zc0s8 - 1
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3.6 Sum and Product Formula 
A. Product to Sum Formulae 

2sin cos sin( ) sin( )A B A B A B     

2cos cos cos( ) cos( )A B A B A B     

2sin sin cos( ) cos( )A B A B A B     

 
B. Sum to Product Formulae 

sin sin 2sin cos
2 2
A B A BA B          

   
 

sin sin 2cos sin
2 2
A B A BA B          

   
 

cos cos 2cos cos
2 2
A B A BA B          

   
 

cos cos 2sin sin
2 2
A B A BA B           

   
 

 
Example 
15. Express each of the following as a sum or a difference of sine and cosine. 
 (a) sin48 cos32         (b) sin32 sin68   
 
 
 
 
 
 
 

 (c) 4 32cos cos
5 5
        (d) sin( )sin( )x y x y   

 
 
 
 
 
 
 
 

Cos(- 0) = Gs0

Cos (-36) = Cos36
:

= &[sin (48+ 32)+ sin (48 329] = - z[Cos (bu+ 65) - cos (32-58]
=[ (sin 80 + sin 16 % = - (cos 100 - 20536)

= 2 . [ [cs (+** )+s (* - ** )) = - E [Cs(x+y + x-

y) - Cos(x+y
- x +y)]
4

= cos + Los = -I (cs2X- Coszy - (x-

y
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16. Express the following as products of sines/cosines. 
 (a) cos3 cos2A A       (b) sin 4 sinA A  
 
 
 
 
 
 
 
 

 (c) cos( ) cos( )x y x y        (d) 3cos cos
5 5
 
  

 
 
 
 
 
 
 
 

17. Prove that sin sin 3 tan 2
cos cos3
x x x
x x





. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=-2 Sin (SAT2A) sin (3A-2A) = 2Cs(4ATA) sin (4A-A)
= Zlos sin

x+y
- (x-y) sin[-PS = - sind

↓

= 2Cs(X
+

y
+ X-

y(Gs(X
+

y
- x+

y) = -zsin(+ ) sin( )
=

265x85y =

=2 sinsin)-#)
= zsin sin

L.H . S
.

= 2sin (x+x) Cs (X-X(

26s(x+3X) (s(X-3X)

sinzX
I

Cos2X

= fanzx
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18. Prove that sin sin 3 sin 5 tan 3
cos cos3 cos5

A A A A
A A A
 


 

. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
19. Prove that 2cos2 2cos4 cos6 4cos cos4       . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hint: 
We first group  
 
____________ & ____________ 
 
____________ & ____________ 
 

L . H . S .

= SinATsinATsiA St sin5A

Cos A Cos5A

=
2sin3ACszA + SinsA

2Cos 3A Cos2A + Cs3A

= SinsA(2GszA +1)

CSSA(2CSLA + 1S

= tansA .

V W

L .H . S . = 220940 as 20 + 2 cs48

= 26540(CS28 +1)
= 26s48 (2C58 -1 + 1)

= 26s48 . 2 cs'O

= Y CosO CosYO
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20. Solve cos cos2 cos3 0x x x    for 0 2x   . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
21 Solve sin sin5 sin9 0x x x    for 0 x   . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

nn

CosX+ Cs2X + Cos3X = 0

Cosay + 2 Cos(3x
+

X) Gs(3X-X) = 0

2Cs cos E + Cos3X = 0 X

Cos2X + 2CS2XCSX = 0

Cos2X (1+ 2CsX) =
0 = X(2T)

Cos2X = 0 or 1 + 22sX = 0
0 = 2X : 4T

CoSzX = 0 or cos X =-

2x= , ,, or X = i-
,

i+

* = E, ,

&

sin9x + sinx-sin5X =

Isin(** ) cos(<*** ) - sin 5x = 0

2sin 5x Gs4x-sin5X = 0

sin5X (2014x-1) = 0

sin 5X = 0 or cos4X = z

5X = 0,1 ,
2 ,

3T1
,
4T

,
571 or 4x=

,

2-
,

2
,
4

* = 0,,,,,E
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22. In ABC , it is given that cos cos sin 0A B C   . 

 (a) Show that cos sin
2 2
A B C   

 
. 

 (b) Show that cos cos
2 2
A B C   

 
. 

 (c) Is ABC  a right-angled triangle? Explain your answer. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hint of (a) 
______________A B C    

A

↳
B C

(a) L
.H . S. = Cos (ATB, 180 = T

= as(T
-2)

= as ( - E

= sin
(b)

CosA + cosB-sinC = 0

2 Cos (B) Cos (B) = sinc = o

2 sinEcs (B) - 2 sinEGSE = 0

2 sinE [Cos(AB) - cosE] = 0

to
: Cs(A)-cosE =

Cos (E) = as E

14 EBE A+ B+ c = T

A + B + A - B = T
A - B = C

zA = T

A=
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23. (a) Prove that 1cos10 sin10 sin 50 sin 70 sin100
8

      . 

 (b) Hence, find the value of sin10 sin50 sin70    without using a calculator. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) L- H. S.
= sin10

:

Cos10 Sinso sinto
O

- (sin 20+) sinto sinto

= I sin20 sinto sin to

= - sin50 (1) (0590 - costo)
= I sinticesjo

=It (sin 100 +Sinc

= - sin 100

1b> sinlos indisinte =
- sin 100

sin (90 +&)
Cos10

= cos O
=- Sin 190+ 10%

Cas 10 without using

=- CoS10 & calculator·

Cos10

=
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24. By considering 2 4sin cos cos cos
9 9 9 9
    
 
 

, find the value of 2 4cos cos cos
9 9 9
   . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

sind as = -sinzo

sinc G, c
=-Sinc
=.sin

= t . t . sin
= sin

↳ Sin
3in (T- 0) = sinO

: Gas** Sin
= sin(T-E)
sin

I si
= J
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25. (a) Prove, by mathematical induction, that  
sin( 1) sinsin 2 sin 4 sin 6 ... sin 2

sin
n nn     




      , where sin 0   , for all positive 

integers n. 

 (b) Using (a) and the substitution 
2
x   , or otherwise, show that  

  sin 4 cos3sin 2 sin 4 sin 6
cos
x xx x x
x

   , where cos 0x  . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

j
sin(k+ 2) Osin (K+O

simO

(a) When n = 1
,

L
.
H . S .

= sinzo

R.H . S .

= Sin2OsinO
= sin28

sin O

- the result holds when n= /

Assume the result holds when n = K,
sinzo + Sin 40 + sin60+ ... + sinake = sin CK+OsinkO

SinO

when n=k+
L.H.

S
.

= since + Sin 40 + Sing P +... + sinak@ + Sin (2k+2) O

I

sin(k+1) & sinKO
+ sin(k+2)0

sing

=
Sin(k+ 1) OsinkO + sinCakesO sind

sing

=

- [Tcos(2k+O - 210] - E [CoskessO -c. (2k+110]

-inD

=
[ [cosO-cos(2k+> 10]

sing

=

- E [Gs (2k+ 3) O-csP]
sind



CHAPTER 3B   MORE ABOUR TRIGONOMETRIC FUNCTIONS SECONDARY 4 
   

Prepared by KC CHU | 18 
 

25. (a) Prove, by mathematical induction, that  
sin( 1) sinsin 2 sin 4 sin 6 ... sin 2

sin
n nn     




      , where sin 0   , for all positive 

integers n. 

 (b) Using (a) and the substitution 
2
x   , or otherwise, show that  

  sin 4 cos3sin 2 sin 4 sin 6
cos
x xx x x
x

   , where cos 0x  . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

h= 3

(b) since+ sin 40 + Sin60 =
Sin40 SinsO

sing sin[P(E-X1] sin [3/E- x1]
sin[z(E-x)] + sin[P(-X] + sin[6-x)] =

sin ( -x)
(π - bx)

↓
sin (T-2x1 + sin (2T-4x) + Sin (3T-6x) =

Sin(T-4x) sin (S-3x)
sin( - X)

sinzx+ (-sin4x) + Sin6x =

- sin4X . (-cs3x)
CosX

SinzX-sin4X + sin6x =
sin4Xcos3X
2) X
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26. (a) Using mathematical induction, prove that 
1

1 cos2sin(2 1)
2sin

n

k

nk 



   for all positive  

integers n. 

 (b) Hence, solve 
4

1
sin(2 1) 0

k
k x



   for 0 x   . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

↑

1 - Cos [m +2)O

2sing
(a) When n = 1

,
L .H . S

.

= Sin 0

2 sin O
R .H . S = 1-CSR1-IsinPsine:
Assume result holds when n = m

Since O =

1-cos2mP
2sind

2(m+ 1) - 1
When n = m+1

↓
L. H

.
S . = Sin k-10 + Sin (2m+10

1-cs2mp
= + Sin (2m+ 1) O

2 sing

1 - Cos2mP + 2sin (2m+ 1) & sinD
I

zsin9

1- Comp + 2 (-1) [Cos(2m+ 210 - cos2mO]
=

2 sin O

=/-CoscmP-los (2m+2)0 + Cs2mP

IsinO

1 - Cs (2m+ 2)0
I

= R.H . S.

2sinO

↓ the result holds when n = m+ 1

By M.I
, the result holds for all positive integer m.
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n=4
,

0 = X

- does not include o
,

iT
.

(b) Sin2k-1X = 0

1 - cos8X
= 0

0 - 2sinx

1 - Cos 8X = 0
07XCT

Gs8X = 1
o < 8x[8T

8x = 24
, 49 ,

67

x = T ,,
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Summary 

Special Angles 

 30  
6
 
 
 

 45  
4
 
 
 

 60  
3
 
 
 

 

sin  
1
2

 
1
2

 2
2

 
  
 

 3
2

 

cos  3
2

 
1
2

 2
2

 
  
 

 1
2

 

tan  
1
3

 3
3

 
  
 

 1 3  

Given in the Public Exam 

sin( ) sin cos cos sinA B A B A B    

 cos( ) cos cos sin sinA B A B A B   

 tan tantan( )
1 tan tan

A BA B
A B


     

 2sin cos sin( ) sin( )A B A B A B     

2cos cos cos( ) cos( )A B A B A B     

2sin sin cos( ) cos( )A B A B A B     

sin sin 2sin cos
2 2
A B A BA B          

   
 

sin sin 2cos sin
2 2
A B A BA B          

   
 

cos cos 2cos cos
2 2
A B A BA B          

   
 

cos cos 2sin sin
2 2
A B A BA B           

   
 

Double Angle Formulae 
sin 2 2sin cosA A A  

 

2

2 tantan 2
1 tan

AA
A




 

cos2A  2 2cos sinA A   

  22cos 1A   

  21 2sin A   

 2 1cos (1 cos 2 )
2

A A  , 2 1sin (1 cos 2 )
2

A A   

 


