CHAPTER 3B MORE ABOUR TRIGONOMETRIC FUNCTIONS SECONDARY 4

Chapter 3 More About Trigonometric Functions (3.4 — 3.6)
Supplementary Notes

Name: ( ) Class: F.4

Finding Area of a Triangle 251 des + TVKJV\Md L

Area of the triangle = % absin x

. h o = =-b-h h
SmX = 0. 2 X

- L.} 1
h = 6sin) - 2 b ol

3.4 Compound Angle Formulae = J{ ca-b-sinx

Class Activity
The figure shows AOLN , where M is a point lying on LN such that ZOMN 1is a right angle.

Let ZLOM=A4 and ZMON =B, then ZLON=A+B.

1. Express each of the following in terms of p, ¢, , A and B.

A -
(a) Areaof ALOM = 3 r% [0 A

(b) Areaof AMON = —L?jf snp

(c) Areaof ALON = . p-V - Siw (A+B)

2. Consider ‘Area of ALOM + Area of AMON = Areaof ALON’
%TQ_SMA -f){%f s‘mg %?v Sin (P('(-B)
pv ) pY

sin(d+B)=Lsin4+LsinB D> S (A+B) = SuACaB + CorASInB
r p

3.  Express 9 and L in terms of trigonometric ratios.
r p
$' = Cog R i = Gy ﬂ
1
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Compound Angle Formulae

sin(A+ B) =sin Acos B+ cos Asin B

cos(A+ B) =cos Acos B—sin Asin B

sin(A— B) =sin Acos B—cos Asin B

cos(A— B) =cos Acos B+sin Asin B

tan(A+ B) = tan A+tan B tan(A— B) = tan A—tan B
l—tan Atan B 1+tan Atan B
E pl
xam : (S . . 30° z 45° z 60° z
1. Find the value of sin15° in surd form. 6 4 3
S(n 15° , 1 1 (ﬁ] 3
sin — - | — -
— - . 2 2 2
= Sin (bo"- 457) V2 2
= S be’ Cas 5 - Lorbe sTn ST ws | B3| L [¥2
2 V2o 2 2

-5 =
N2

G-

m

1 3x
> o

\

2. Find the value of cos75° in surd form.
Cs 75
Ces (}o‘ +Ly°)

\J

EL L
> S - *

T-T5
t

\

.5

u

1
tan —_=
3 (

Cos 30" Co k5 — Sin 3¢ NN
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$in (A+B)
C> (AtR)

\

—1-0\9\ (A-+B)

. sin A s B+ CesA 5B
( Cos A G5B

)

( CosA GsB - SinA gak
Csh CsR )
’faml\ —+ To\nB

| = —row\ AT‘Lv\B
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N

3. Find the value of tan (Z—;{) in surd form.

v

Rafiona [1tafion 3‘" dum?nq'w

1 L -
fou (1F) e R R
- 2. (3+%) S L2
1>~ Ja)
T, .2
= “’4«\3 “- ((_' : I-E
RE ~o
‘/(: I3 +) _ |+ 3 o \ Ja~ Tv
([ - ]"3 "".E \/;-i- b_ IQ_‘('J-; .J:-E
@ . Ta-D
\—-3 (J:)z_d;f
= 3‘1'.2:1-3‘\" _ .]Z"_];
-b
= G+2T !

-2
- —2‘3-'-3

vV
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4.

Simplify cos(x—y)cosy— sin(u) siny.
A B A B

= (o) C'K-v) Y )

= Gsx

5. Prove the following.
(a) sin(4+B)cosB—cos(4A+B)sinB—sinA4=0

(b) tan 4 _sinA—cos 4
4 sin A+ cos 4

()  LH.S. d). LHSC

]

Sim (A*B_B) - S\MA

1"
T
>
T
=

1

20

|l
<

S
>

\

= RHS

(+ $Sin A
c-s A

sh = sin A [+ Tan A fan

¢ A - esA

¢-SA

Ce$ A

Sn - cs A

Stw A + s A-

= RHfs.

CsA + SinA.
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CHAPTER 3B MORE ABOUR TRIGONOMETRIC FUNCTIONS SECONDARY 4

6. Let sin(x+a)=3cos(x—«a), where cosx#0 and —%<a<%.

3—tano

(a) Prove that tanx= .
1-3tan

C (b) Hence solve the equation sin[é? —%) = 3cos(q9+ %) ,where 0<60<2r.

Hint of (b): Consider the equation.

-
xX= 8 ,a="?|-

(8) ST (x+t0) = 3 Eas(x—d)
3 Cosx Cos ch+ 35X ST

SiaX Losdht CesX Sinll
CoSX (s A Cosx Cod &

-\-Anx+ _‘—Awd\ = 2+t %wXTw&
-\-k\/\X" 2-\_0\V\XTAV\CK = 3= ’\_"“"Q(
tonx (17 3Tewdt) = 2~ fand

3 - fand
T - [~ 3tudk

X -
b f‘“w =8, od=-g Wk (&)

—+
?
()

|
|
\|
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3.5 Double Angle Formulae

By considering the compound angle formulae, express each of the following in terms of sin 4 and
cos A.

1. sin2A4 2. cos24
siv (A+KX) _ s (Rth)
_ S A s A LA ginA _ Cosh CosA - StuA <tnA
25 A A = ("A - GivA
= Ces?h - (V-Cs*A)
3. tan24 A
= 3 Gs*A -
= “—Om (Y-\+A) ‘
e A+ T SR L
= | — TRV\P( ‘—twn‘\ = |- 25““;’\
lTQV\P\
- (‘T«»{‘A
Double Angle Formulae

sin2A4=2sin Acos A
cos2A=cos’ A—sin* A
=2cos’ A—1

=1-2sin’* 4

2tan 4

tan24=———
1-tan” 4

We can also express cos” 4 and sin® 4 in terms of trigonometric ratios by the double angles.

1 . 1
cos’ A= 5(1+cos 24) and sin® 4 :5(1—0052,4)

® These two formulae can be used to reduce the powers of trigonometric ratios.
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Example
7. It is given that sinf = % and @ is an acute angle. Find the value of each of the following

without finding 6. — () Cos 0= —'_: Tand = >
(a) cos@ and tand JS -h !
(b) sin26 2
(¢) cos26
(d) tan26 ‘
¢inzd (c) 2l ) ’{_‘\W@
= e os = 65t - sl e

NI § [-T2u*D

h>

S - -4
R s
- 3 =
- Y - — [— zL
[y |
3
B 3
afh > A
X 8. (a) Prove that %:taﬁA.
1—cos2A4
(b) Hence, solve ———— =2tan4—1 for 0<A<L2r.
1+cos2A4
In i wd  nemera|d
(2) S = | = (1= 26n>A) & remoent l dunmmingfer o,
Iy - J/
L4+ 20s*A —| ~\—
*A = en A -
o b Awh = A -
2Css*A T«v\i—p‘ _,LTA,V\A +(=0 xr- 2X +| =0
2
= Tt A (Famh =\ ) = K=1)=e
>P\."|,$ '_\—&v\l\f—l “‘.—.
A=% o N+t 1&“
T IT
A= o —(L
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9. (a) Prove that _Si:(zezc Hint:
T o __8_, sin26 =2sinfcosf >
(b) Hence, find co g > ) Y Y
0 0 T Simd = 2Sin5 &3
(¢) L-HS = 28ny Geg b - N
|- (1- 26”3 ) cos20 =1-2sin’ 0>
Y
asind s T Gsb= - 23 =
Z,S‘IV\"—G— \
2 Y ?_—
T _ Smg 2
- ot 3 b oty - L Y
[‘C)SQ‘. '— E
X = | , I+l
5 -1 5 4]
_
- 5o
= Ix+
10. (a) Prove that I_,Cﬂf[anx.
sin2x
(b) Hence, prove that sin4y(1-cos 2y) =tany.
cos2y(l—cos4y) .
. sin 't (1= Cosay )
(&) g = \= (- 26*x) by LS = )
Cos 2y (l—CaS‘fV))
25X Cox ' :
J= Cosa
- 2sin*X S ‘me') 7))
2siux (X ODSM:]
N a’ﬂ— - Ces2ly)
= TAV‘X S?nz\/) G 3'\)
Casa-\j
- l-tbsiﬂ

s‘(vn.vl

Ty
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X 11. Prove that T\/( F\L PM? I( f—delm\c\

(a) sin360=3sinf—4sin’ O,
L-H.C. ‘/E\C»SB
= S'ivl 3&

= Sin (,3'8+ B)

= 51u20 38 + G5l simd
= 26m(} s + (1- 2-95'4‘8) s

. naD
= 260 (i- sin*0) cin) — 2614 0

= 2,5]\49 - 7.,9'2'/\,’& Al g},,\S-zs"M;@

= 326w - $4n’f

12. Prove that tan Atan2A+1=sec2A.
Tenh - 2w A
| =R
2lanh + 11— “‘MZA
\ —Ta\nlA
|+ T A
|—Tan *A -
sectR
| — v 2A
- )
Cost A (1~ Tt Pr)
(

L-H. S

<\

J

Crs“A —Sin*A
v
Cos 27 -

(b) cos3@=dcos’O—3cosd. Jsinl
LH S

Css 3D

Cs 28+ 0)

= Cos o8 Cosd - sinad s

1]

h

. (3660 1) s - 25102 Cos O
20539 = Cosd - 2(1- 7)) 50

2053 ~ €38 - 2Ls) T 26sh

= L&CASBO - ;C-SS

()

Gosz A
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13. Suppose 0<68< % If tan26 = % , find the value of tan @ without finding the value of 6&.

SECONDARY 4

R faag = 237D et =Tl
3Tan™) + §tand —3 =o By By =3 =

(g‘l-‘w‘@—\)(—\—a.qgﬂl-’;) = o L)»)‘—\)LV)’I'S) =0
L . -2
hw@:“; o~ _\'c.v\gz -3 (V{J_) "] 3

. 1 . P
14. Ttis given that cos@#—— and n is a positive integer.

20052041 2.Cad—] 2048+ 2L §0
cos26 + - = — 2C, | g —m
(a) Prove that 2C080—1=m. = 20.3p91’| S&" l LL’)VQ—*'
(b) Hence, prove that (2cos@—1)(2cos20—1)--[2¢cos(2""9)—1)] = 2005(2°0) +1 .
1\ 2cosf+1
a s 1
‘e E\_\S Cance (| Tiow
20820 +|
- by LS
2059 | L Llea9)  EesEH 2L 58 +|
- l(z&s‘g =1 +) 2050 1 2 2L Y8
2 Cos | 2 s (20) +]
- l" L-b‘@ ~ | 2 Cay ()_“-‘0) -+ |
2050+ | - 26 (3M0)
- Qesd+1) (esh-1D 2058 |
2080 1|
= 20—
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3.6 Sum and Product Formula

A. Product to Sum Formulae

2sin Acos B =sin(A4+ B) +sin(4— B)
2cos Acos B=cos(A+ B)+cos(A—B)

2sin Asin B =cos(A— B)—cos(A+ B)

B. Sum to Product Formulae

CN

sin A+sin B =2sin A+B cosS A-B
2 2
22 )l J

sinA—sinBzZCos(

cos A+cosB=2cos

cosA—cosB = —2s1n(A+Bjs1n(A_Bj

Example Cs(-8) = &5\9

15. Expres.s each of the following as a sum or a difference of sine aTld cosine. Cos (36 = Cc3b
(a) sin48°cos32° (b) sin32°sin68°

= 2 [ou (e 3+ sia (8- 329] A vb)- o (3;—@%')]

-1 G B s lh?)

L}

°—\>. (c.s l[ee = &s347)

(c) 20084?0053?7[ (d) sin(x+ y)sin(x—y)
L [ (D0 )a e (F- )] s-ilesOmpmp - oGy ]
2 KRN
X =2 (Gsax —Cs
C-5 3%’ MY 2 ( ) —(X= 1))
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CHAPTER 3B MORE ABOUR TRIGONOMETRIC FUNCTIONS SECONDARY 4

16. Express the following as products of sines/cosines.

(a) cos3A4—cos2A4 (b) sin4A4—-sin A4
A Wh-A
= =2 S(u ( ) SM(B—H - ) = Zc.stc"\\ ~h )5(\4 )
= 2Cs ﬂ (in 3—“—
/X—\'V)- (’X-‘)) su(-0) = —s"m&
(¢) cos(x+y)+cos(x—y) j/ (d) cos%—cos% J/
3T
- X+ + X- X4Wn — X+ : 3T x _ 2
—_— Y 2
>
= 205 c,.s\] = =2 Sin ;;; s“m(-—%)
= 2.¢0n 2‘}‘: S"’\‘r
17. Prove that w=tan2x.
cosx +cos3x

LH. ¢ = 25w (’ﬁix ) Cs (x—:-x)

20 ¢ ("":x) Cas ("‘ix )

S}w 2X

X

= ‘l'a.n X
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18, Prove that sin A+sin3A4+sin54 — tan3A4. Hm‘r:'
cos A+cos34+cos54 We first group
LHS = SR dwA + cadA St A & sm5A
CosS —+ Csf + Cs 3 A
Cos Iy & CosbA
25 3R Gesa £ STuA

205 ¥R Cs 2\ + Cs3A

(!

Cn3h (2 G +))

Coo 3N (2N *1)

ﬁam 3R -

v

19. Prove that cos28+2cos46 + cos 668 = 4cos® @ cos 4
L\H -S - =

20549 52 + 2wkl
= 2Cs40 ( tsaf) 1)

204y (20201 1)

\

\

2es4h- 2 (s ™

= § s st
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20. Solve cosx+cos2x+cos3x=0 for 0<x<2r.

T T

X-X
CosrX + 2 (o8 (;x:x) GL(ST) =0

Cos X + 2WsrX CsX =0
Cos2X (1+20ssx) = O

CosaX = o o | 2lesx =0
Cogax =0 o Gsxi-k
< T
1 1 S -
>°(‘T;'%’;,{g/:t;l, o X =0 3/—R+3
K - To2w 3 :'1 Pyl Lﬂ
) \f/ \f/ %‘/ */ ;/ 5

21. Solve sinx—sin5x+sin9x=0 for 0<x<r.

S(n Clx t sInx — SIM{X =o

TX - a
25 (4X 5 ) Cs (_‘\x ,,X —Sim I =0

25w X Cos Lé?( — SnJx =9
sinix (2654 ) =o

S~
s‘(\q j‘% — o oY Cos kl‘,)( = 2

i T
Yx <o, M\, 2N, 3T, 8T, & o Lt’X=“3 ST-

7

L, & 2h M G 391
X-O/ J ,j:/ 4, ’:(’/ ﬂ/ (> . (>

Cos %~ Cs3x—+ (83X =2

20os 2 ts g+ Csdx =0 v
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22. In AABC,itis given that cos A+cos B—sinC=0.

A+B] . C
=Sm-—.
2 2

(a) Show that cos(

_________________________________________

A+B+C=_18" = T}

(b) Show that cos(A;Bj=cos%. B
(c) Is AABC aright-angled triangle? Explain your answer.
AtB i Hint of (a
(4) yrHg = - : (@)
_— (T— ¢
P
T <
= (8 (—z - 2
= oo <
= Siv 3
(b

Csh+ CsR— SinC = 0
z(’.u(A*B)C- (A )—SMC‘D

~ k-8 _ < -y =— C =0
‘Lém—z— Cos ( g 26w

zé?m% [&S(V&_‘;&), Ces %J

= ¢
jf; )] 6-75 ﬁg- CQS ’i‘—Q
A-By _ C
Cas (’_{ - b5 3
(0 2.3 A+B+C = T
A~B - A‘V@_\-A-B:—‘
2= T
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23. (a) Provethat cos10°sin10°sin50°sin70° = 1 sin100°.

(b) Hence, find the value of sin10°sin50°sin70° without using a calculator.

(2) L-HS = gin|o” Cs(o Singo’ S'M‘}b'

o
= J{ (siw > +;w§') Sinfo S’
_\i Sin 20" Siu)D Sim ?‘U
1
3 gingo - (-3) (@ - o)
L gimde'Gs)e
= ¢ e
4

= ‘ti (5]“|°‘;+5""0‘)

= i 5‘“ |°°.
Y 3 —é 41y Ioo'
(Y2 Sin[o sinfo sin P cu (9 +9)
:?b Cor |0 " (Ci

RN DTS
Cos (o or i wSivg
= g LAY lodetor
Cos (o
_ 3
=g
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24. By considering sin g (cos 7 cos 2z cos %j , find the value of cos % cos 2?7[ cos 5

A

< Sin
g e‘ gIm (T(- 8)3 S(‘Ul&

il
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25. (a) Prove, by mathematical induction, that

sin 26 +sin 46 +sin 66 +...+sin 2nf = sin(n +.1)(Zsm no , where sin@ =0, for all positive
sin -

integers n. \\

(b) Using (a) and the substitution 6= Z_x , or otherwise, show that

$n C\L-n,) 8 ikt
sm0

) . . sin4xcos3x
sin2x—sin4x+sin6x=—————, where cosx#0.

COS X
(&) Whin w=), LS = sin20
RHS = Siu2b smh
Sqa 6

S A vesalt hdds whan =)

Cha qO
Sy

Pesws A reswt lds  han -k,

sival t Sink0+ Sin b0+ - + sinakd = <in (ktnd sind

Su@

W \A‘—\’-‘t \

LHS = G+ G4+ Sinb@+ - € el £ gn (ok+2) 8

sin bt B sm kD

it

P f%l-\(\
<+ SN V=) U
<m0

s (bt 0 sin l"@“’ 5T ket €1l

H

2o 0)
sy

_1 ['c,, Gk - (»sB] - Ji [‘C'SGI\F‘H)@ — Co (>%11) @J

—

L
S

v

‘\‘AQ
MU

I (-—I\r(“,o/\nf\LJ_)\
_ '{ LL/“V Ly LY

@

—

sl

oL Tes GR3)0- esh ]

s}
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25. (a) Prove, by mathematical induction, that

sin(n + 1)@ sin n@
sin @

sin 2@ +sin46 +sin 60 +...+sin 2nf =

, where sin@ =0, for all positive

integers n.

(b) Using (a) and the substitution 6= % —x , or otherwise, show that
n=2

) . . sin4xcos3x
sin2x—sin4x+sin6x=—————, where cosx#0.

COS X

b siudQ=t.sin W+ SinpDd = Sinteh sin3f

i c ] T
sin 8 ;;ML% (3-21] sin [} ;-x)]
~ fond \ " i ] 7 L4
sn>(2-2)] +sm [4(5- x| +sia[b(Z-2] = PET
(- bx) Ve
v Y (o A (3T
¢ (Txa.x) .......... =+ S (;:n\\(‘)g) ........ S (37‘\- ...... bx ) _ 5m (J “ %X) al ( > gk)
§in (T )
\ = /
a, \/ [ —) ;\ \
Stwak =+ (=sia4x) + Smbx = AL =P
Ces X
StuaX — sin¥x+ sin bx = Su Ux e 3%
C- X
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26. (a) Using mathematical induction, prove that ZSin(Zk -Hf= 1—0(?—s2n€ for all positive

=1 2sind
integers 7. 1
(b) Hence, solve isin(2k—l)x=0 for O<x<r. |— Cos &M +1)8
a R ZSTV\@
(a) L’lu.w n= tHS= S ¢
RIS 1= (=2 Cm0) 2 (b 0
. = —_— = = N = £
RS oD o il (N
Ags"‘w\b V"/()"‘\'t L\&S \,J\\L\« h= w
> o=y § 1= vl
= b\ (- =
k= 2¢inf i
2(m+1) —|\
\’V\‘LV\ n=  m-l / L
m v
‘*'&5:£ ...................... P ( )__k_.() ..... 5t 5'2‘/\ ...... (“M‘H) ........ 8 .......................................................................................................................................
- CASU")Q o Sttt
. = T2 V-4 A i 8 5 B V4
2€¢n
[ = Cos amb + 240w (mﬂ)(9 S?ﬂo
299\8
- Cesam —+ L(*'"{,) [-('»5 GGm+2)§ — s xm&]
2¢6mf
- [ Cesam = Los M=) = Cyam
2571
_ (- Cs (m+2)Q

= PRP.HS.

25ivbd

ot et balds WM g wma
fy,) MI, T v Wds ‘Ew al\ ?s)'ﬂ?\rt_ TW .
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26. (a) Using mathematical induction, prove that ZSin(Zk -Hf= 1—0(?—s2n€ for all positive

o 2sin @
integers 7. n-Y%, 9=«
4 & dees vth TmchALl o, .
(b) Hence, solve Zsin(2k —Dx=0 for O<x<r.

k=1

L\)) é:‘- Siw (2—\'.—0/)( =0
| - Cos ¥X

5940 > @D O

\‘COSXQ( -0 O(/KCT)

(')SQ/X _.l OLXO(CXTL

-

3% = AW . Y41 bT
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sSummary
Special Angles
30° (%j 45° (%) 60° (%)
~ ! 1 (M2 3
Sin 5 \/E > 7
COS 3 L ﬁ !
2 22 2
1 (3
" 7 3] ?
Given in the Public Exam

sin(4+ B) =sin Acos B+ cos Asin B

cos(A+ B)=cos Acos BF¥sin Asin B

tan A+ tan B

tan(4+ B)=———
l1Ftan Atan B

2sin Acos B =sin(A4+ B) +sin(4— B)
2cos Acos B =cos(A+ B)+cos(A—B)

2sin Asin B = cos(A— B)—cos(A+ B)

sin A+sin B =2sin(A;B)cos(A;Bj

ol 457
Jen 45
?Jan(457)

sin A—sin B =200s[A+

cosA+cosB=2cos(A+

cosA—cosB =—2sin(A+

Double Angle Formulae

sin2A4=2sin Acos A

2tan A

tanZA:—2
1-tan” 4

cos2A4

=cos? A—sin’ 4
=2cos’ A-1

=1-2sin* 4

1 . 1
cos’ A= 5(1+cos 24), sin® A= E(l—cos2A)

y
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